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Packing Problems: Ancient and Hard
® Bernal (circa 1950's): “In closing we must not forget the com mentary on

random packing which Saint Luke attributes to Jesus, Give and it will be
given unto you; good measure, pressed down, and shaken toget her, and
running over. For by your standard of measure it will be measu red to you in

return.” ' [Random Close Packing : ill-de ned (Phys. Rev. Lett. 2000)]
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random packing which Saint Luke attributes to Jesus, Give and it will be
given unto you; good measure, pressed down, and shaken toget her, and
running over. For by your standard of measure it will be measu red to you in

return.” ' [Random Close Packing : ill-de ned (Phys. Rev. Lett. 2000)]

® |n 1606, Kepler started to study the  “best” way to stack cannon balls on the

decks of ships . His solution to the problem is called  Kepler's conjecture

® Hard-sphere packings capture essential physics for dense many-particle
systems with short-range interactions. Useful model for mo lecular systems

(liquids, glasses, crystals ), colloids, granular media, etc.
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® Classical ground states are those classical particle con gurations with

minimal potential energy per particle N (TN)=N.
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Classical Ground States
QUESTIONS

» To What Extent Can We Control Ground-State
Structures?

# Can Ground States Ever Be Disordered?  There

IS no fundamental reason why aperiodic or disordered ground
states are prohibited.



Classical Ground States
QUESTIONS

» To What Extent Can We Control Ground-State
Structures?

# Can Ground States Ever Be Disordered?  There

IS no fundamental reason why aperiodic or disordered ground
states are prohibited.

We have provided some speci ¢ answers to
these gquestions using optimization techniques

® Certain class of many-particle systems with soft pair
iInteractions in two and three dimensions (Batten, Stillinger &
Torquato, 2008; Torquato & Stillinger, 2008).

® Disordered sphere packings in high dimensions?
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De nitions

A collection of congruent spheres in d-dimensional Euclidean space RY is

called a sphere packing P if no two of the spheres overlap.

A packing is saturated if there is no space available to add another sphere

without overlapping the existing particles.

The density (P of a sphere packing is the fraction of space RY covered by

the spheres.

Lattice packing a packing in which sphere centers 1,2, ... are integer
linear combinations of basis (linearly independent) vecto rs. The space RY can
be geometrically divided into identical regions F called fundamental cells

each of which contains just one sphere and thus for spheres of unit diameter
v (1=2 d=2
SIC . vi(R) = R
Vol(F) 1+ d=2)

A periodic packing of congruent spheres is obtained by placing a xed
nonoverlapping con guration of N particles (where N 1) in each

fundamental cell of a lattice and thus

_ NV1(1:2)_
~ VoI(F)
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Sphere Packing Problem in Low Dimensions

P _—_
® For d = 2, solution is triangular lattice: max = = 12 0:91(Fejes Toth,

1940).

® For d = 3, Kepler (1606) conjectured that optimal packing is FCC latt ice:

max = = 18 0:74(Hales 1998,2005).

® |n certain suf ciently low dimensions, optimal packings ar e believed to be
lattice packings . Certain dimensions are amazingly symmetric and dense:
d = 8 (Eg lattice ) and d = 24 (Leech lattice ).

» In Rlo, the best known arrangementisa non-lattice packing.
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Pair Correlation (Radial Distribution) Function g,(r)

g2(r)  Probability density function associated with nding

a sphere center at a radial distance I from a given sphere.

Expected cumula[:ii/e coordination number
Z(r)= s1(1) 4 x% ga(x)dx: Expected number

of spheres contained in a spherical region of radius r.
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Maximally Random Jammed

State in R3 ( 0:64and Z(1) =2d =6)
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Why the Interest in High Dimensions?

High d packing problems are of fundamental interest in the
physical sciences, e.g., glasses and liquids|[  Cugliandolo &
Kurchan 1996; Frisch & Percus 1999; Santos (2000); Parisi &
Slanina 2000; Clisby & McCoy (2004); Parisi & Zamponi 2006;
Parisi & Zamponi (2008) ] and can lead to insights in low  d.

Communications theory (Shannon 1948 ) - The best way to send
signals (amplitudes at  d different frequencies) over a noisy
channel corresponds to the densest arrangement of spheres in
RY.

Discrete Geometry (Conway and Sloane 1993 )

Number Theory
String Theory
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Slanina 2000; Clisby & McCoy (2004); Parisi & Zamponi 2006;
Parisi & Zamponi (2008) ] and can lead to insights in low  d.

Communications theory (Shannon 1948 ) - The best way to send
signals (amplitudes at  d different frequencies) over a noisy
channel corresponds to the densest arrangement of spheres in
RY.

Discrete Geometry (Conway and Sloane 1993 )

Number Theory
String Theory

Each dimension has its own distinct properties  and the density of
the densest known packingsis  non-monotonic in  d.
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Hypercubic Lattice

d=2
1+ d=2)2d
Checkerboard Lattice D
Ford 3
Dg=f(X1;::::Xq) 2 29 : x4+  + xq eveng
d=2

(1+ d=2)2d+2) =2

D3, D4 and D5 are the best known packings in R3, R* and R®, respectively.
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Holes ind-Dimensional Lattice Packings

® Hypercubic lattice packing becomes  unsaturated at d = 4!
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® |n suf ciently high dimensions, all lattice packings are almost surely

unsaturated .
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Holes ind-Dimensional Lattice Packings

® Hypercubic lattice packing becomes  unsaturated at d = 4!

o

N
N

In suf ciently high dimensions, all lattice packings are almost surely
unsaturated .
GENERAL PRINCIPLE : Almost all volume in a high-dimensional particle is

concentrated near the particle surface.

Example: The fraction of the volume of a sphere up to 90% of its radius is

given by (9=10)%, which tends rapidly to zeroas d ! 1
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Minkowski Lower Bound on max for Lattice Sphere Packings

Minkowski (1905): The maximal packing density max Of a lattice packing of

congruent spheres in Rdfor d 2satises

(d) .

max 2d 1

where (d) = Ll k 9 is the Riemann zeta function.
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Minkowski Lower Bound on max for Lattice Sphere Packings

Minkowski (1905): The maximal packing density max Of a lattice packing of

congruent spheres in Rdfor d 2satises

(d)
max g1
where (d) = Ll k 9 is the Riemann zeta function.
Remarks .

1. Thisis a nonconstructive bound.

2. No one has been able to provide any  exponential improvement on the

dominant asymptotic behavior 2 9.

3. Note that any saturated sphere packing in RY has a density that satis es the

inequality
1

2d°
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2.5

f 2°
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0

But for the Leech lattice (d = 24), 29 =32372885:::!

checkerboard
lattice

hypercubic
lattice

3 6 9 12151821242730333639
Dimension, d
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Table 1: Large- d asymptotic behavior of lower bounds on lr_nax-
(2)2 d Minkowski (1905)
[In(H 2)d]2 ¢ | Davenport and Rogers (1947)
(2d)2 Ball (1992)

Table 2: Large- d asymptotic behavior of upper bounds on max -
(d=2)2 05 Blichfeldt (1929)
(d=g2 0> Rogers (1958)
2 0:9990d | Kapatiansky and Levenshtein (1978)
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New Approach To Obtain Lower Bounds on nax

Torquato and Stillinger, Experimental Math. (2006)

#® ObDbtained the putative exponential improvement on
Minkowski's 100-year-old lower bound on max 1N the

limit d!1

® These results counterintuitively suggest that the
densest packings in suf ciently high dimensions may
be disordered rather than periodic.

® This in turn implies the existence of  disordered
classical ground states for some continuous
potentials.
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Preliminaries

® Existence Theorem for Point Processes: A necessary condition for the

existence of a nonnegative pair correlation function 02(r) (nonnegative
tempered distribution) of a translationally invariant poi nt process at some
number (center) density  isthat S(k) 1+ R(k) 0O, where

h(r) go(r) land N(K) isthe Fourier transform of h(r).
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number (center) density  isthat S(k) 1+ R(k) 0O, where
h(r) go(r) land N(K) isthe Fourier transform of h(r).

® Torquato and Stillinger (2002):  Consider a family of test radial tempered
distributions Qo (r;a) at density , where a denotes a set of parameters.
Now consider the optimization problem

maaX

subject to the constraints

g2(r;a) =0 on [0;1];

G(r;a) 08
S(k;a) 0 8k:
We call MaXy the terminal density and note that if sucha (p at IS

realizable by a packing, then max
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Preliminaries

® Our optimization problem is the  dual of a linear program devised by Cohn and
Elkies (2003) for an upper bound on max [see Cohn 2002]! The latter involves

test pair potentials .

® This connection proves that our density estimate can never e xceed the

Cohn-Elkies upper bound.
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Preliminaries

Our optimization problem is the  dual of a linear program devised by Cohn and
Elkies (2003) for an upper bound on max [see Cohn 2002]! The latter involves

test pair potentials .

This connection proves that our density estimate can never e xceed the

Cohn-Elkies upper bound.

Cohn-Elkies (2003) Linear-Programming (LP) Upper Bounds

Cohn and Kumar (2004) used the LP bounds to prove that the Leec h lattice is
the unique densest lattice in R?% and that no sphere packing in R?* can
exceed the density of the Leech lattice by a  factor of more than

1+1:65 10 3% They proved a similar result for the  Eg lattice .

This means that these are miraculous dimensions in the sense that pair

Information is suf cient to get sharp bounds.
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Higher-Order Correlations

(1; 2) ) /
g3(1;2; 3) ) Ag

w1234 ) 4
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Can Random Packings Beat Checkerboard Lattice in Highd?
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Can Random Packings Beat Checkerboard Lattice in Highd?

For d > 27, the answer is a de nitive  yes!

For example, for the checkerboard lattice D, can show that Z, dn , Where

Z . is # of centers in Nth coordination shell at squared distance n.

On the other hand, for sphere packingswith ~ gp(r)= ( r 1)and = 1=20

2 b

15

9,(

1k

05 -

0 . . .
0 1 2 3 4 5
r

the cumulative coordinati02 number is given by
r d
r
Z(r)= s1(1) x9 lgy(x)dx = 5 1 for r 1
1
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On the other hand, for sphere packingswith ~ gp(r)= ( r 1)and = 1=20

2 b

15

9,(n)

1k

05 -

0

. . .
0 1 2 3 4 5
r

the cumulative coordinati02 number is given by
r d
r
Z(r)= s1(1) x9 lgy(x)dx = 5 1 for r 1
1

Atr:péandd>6

Z (p 3) 3d=2

2 yrT (Z(IO 3)=Z; =10 for d=100)
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Ghost RSA Packing: An Exactly Solvable Model

Torquato and Stillinger, Phys. Rev. E (2006)

The “ghost” random sequential addition (RSA) packing is an exactly solvable
model, i.e., all of the N-particle correlation functions (g, g3, etc.) can be

expressed exactly for all allowable densities and in any dim ension d.

@
e

The density at any time tisgivenby (t) =[1 exp( 29t)]=29, and the

maximum density is

)= 5

proving that there is a disordered packing that achieves the Minkowski bound!
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Ghost RSA Packing: An Exactly Solvable Model

At small times or, equivalently, low densities, can show
c) — 3y.
Q(r; )=(r 1)+ 0O(°):

At the maximum density (1 ) =1 =29,

QL) @Y= ( rz(r-i)):z:

d=1

d=5

0,(r;¥)

15
r

Inthelimit d!'1 andfor =1=29
Y

On(riz;:::;rn; 1) O2(rij;1); and g(r;1) (r 1)
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Existence of Disordered Packings in High Dimensions

De nition: A disordered packing is one in which  go(r) decays to
unity faster than 15rj9* for some > O.
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Existence of Disordered Packings in High Dimensions

De nition: A disordered packing is one in which  go(r) decays to
unity faster than 15rj9* for some > O.

Conjecture:

A hard-core nonnegative tempered
distribution Qo(r ) is a pair correlation
function of a translationally invariant

disordered sphere packing in RY at number

density  for suf ciently large  d if and only if
S(k) 1+ h(k) O The maximum

achievable density is the terminal density

—n. 20/3.



Basis for Conjecture

Decorrelation Principle:

1.

Why?

Unconstrained spatial correlations in disordered sphere
packings that may be present in low dimensions vanish
asymptotically in high dimensions;

and g, forany N 3 can be inferred entirely (up to some
small error) from a knowledge of the number density and
the pair correlation function  go(r).

vanishes exponentially fastas d!1 : ax

2 0:599(d
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Basis for Conjecture

Decorrelation Principle:

1. Unconstrained spatial correlations in disordered sphere
packings that may be present in low dimensions vanish
asymptotically in high dimensions;

2. and g, forany n 3 can be inferred entirely (up to some
small error) from a knowledge of the number density and
the pair correlation function  go(r).

Why?  vanishes exponentially fastas d!1 : pjax 2 0:5990d

Other known necessary conditions only have relevance in very
low dimensions .

We have numerically constructed con gurations of disordered
sphere packings corresponding to certain test g2's in low d for
densities up to terminal density  (Uche et al., PRE 2006).
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Pair Correlations for MRJ Packings for d=3,4,5,6

250

T
oNoNoNoN b
RN I
oOUlTh W]

Ih(r)|

Skoge, Doney, Stillinger & Torquato, PRE (2006)
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Conjectural Lower Bounds on  max
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Conjectural Lower Bounds on  max

Attributes of ((r) for a random sphere packing:

1. Unit-step function

2. Delta function at contact

3. Exponentially-damped sinusoidal function
4. Etc.
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Conjectural Lower Bounds on  max

Attributes of ((r) for a random sphere packing:

1. Unit-step function

2. Delta function at contact

3. Exponentially-damped sinusoidal function
4. Etc.

Using the rst attribute only , we showed that = 1=29

2L

15

9,("

1t

05 -

0

0 1 2 3 4 5
r

Because we can now show that that there are sphere packings th

correspondtosucha @oasd!1 ,we have the lower bound

1
max g

But this would also follow from the conjecture .

at
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Step Plus Delta Function
Consider using the

rst and second attributes only such that

Gr)= (1 1)+ =

s1:(1) (r 1)

15

9,(1)

05 -
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Step Plus Delta Function

Consider using the rst and second attributes only

such that
G)= (1 D+ —— (1)
2 - .
s1(1)
We showed that the optimal average kissing number Z = d=2 and the
terminal density = (d+2)=29*1 .
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Step Plus Delta Function
Consider using the

rst and second attributes only such that

Gr)= (1 1)+ =

s1:(1) (r 1):

2k

15

9,(1)

1k

05 -

0
0

1

2 3 4
r

We showed that the optimal average kissing number

Z = d=2andthe
terminal density = (d+2)=29*1 .

This leads to the conjectural lower bound

d+2

(Same form as Ball's 1992 bound)
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Numerical Construction in R? at Terminal Density

Uche, Stillinger & Torquato, Phys. Rev. E (2006)
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Step Plus Delta Function With a Gap
Consider using the rst and second attributes only  , but allowing the location

of the step discontinuity to vary:

Z
s1(1)

R)=(r )+ (r 1)

15

9(1)

05 -
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Step Plus Delta Function With a Gap
Consider using the

rst and second attributes only
of the step discontinuity to vary:

, but allowing the location

Gr)= (1 )+ 2

s1(1) (r 1):

15

9(1)

05 -

Weset Z = (2 )¢ 1 and optimize

, Which leads to a a terminal density
that provides exponential improvement over previous resul

t.
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Step Plus Delta Function With a Gap
Consider using the rst and second attributes only  , but allowing the location

of the step discontinuity to vary:

Z
Rr)=(r )t (r 1)
s1(1)
0 1s é " 3 4 5
Weset Z = (2 )¢ 1 and optimize , which leads to a a terminal density
that provides exponential improvement over previous resul t.

This time the conjecture leads to a conjectural lower bound that putatively

gives the rst exponential improvement over Minkowski's 100-year-old bound.
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Table 3: Optimized Parameters.

2d +1

d Z g

3 | 1.246997 7.932582 0.5758254 1.8426412

4 | 1.212589 0.544727 0.4252470 2.2679840

8 | 1.137981 70.89055 0.0998509 5.1123635
24 | 1.058992 5473.545632 0.00008245 106.40950
36 | 1.041618 76539.66718 2.566299 e-07 | 928.1827603
56 | 1.028041 | 4.249163900 e06 | 1.253255e-11 | 31140.18622
80 | 1.020210 | 3.907730115 e08 | 6.521670 e-17 | 1.9229793 e06
100 | 1.016421 | 1.478803834 €10 | 2.288485 e-21 | 5.6882341 €08
125 | 1.013311 | 1.246171647 el2 | 5.610270 e-27 | 3.7580235 €09
150 | 1.011214 | 9.698080982 €13 | 1.275632 e-32 | 2.3192902 ell
175 | 1.009671 | 7.086019292 €15 | 2.745830 e-38 | 1.4858659 €13
200 | 1.008510 | 4.959085880 el7 | 5.667098 e-44 | 9.0165103 el4
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Improvement factor

Estimate Beats Best Known Packings fod 59

Improvement over density lower bound (d+§3+/5

le+05— —
10000 * —
1000 _

N R R T D T T T
36 40 44 48 52 56 60 64

Dimension, d
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Asymptotic Analysis

Structure factor is exactly

J (k J K
Sk)=1 ci(d; ) (k( ) ) + Cp(d; )(k )1( z;
U)4O
00/ B 10,’k‘/r;6130
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Asymptotic Analysis

Structure factor is exactly

J (k) J 1(k)
S(k)=1 ci(d; ) HECACHE P
(k) (k) 1
U)4Of
OO/ - 10/’k‘ 20 30
Let = d=2. We obtain the asymptotic expression "
— 1 C 1=6
21:557304959  2:677291565 1=3+0 :5570132411 1
#
C, G, 1
1=6 + 1=2 + 0 5=6 !
For d = 200, formula predicts =5:626727001 10 “*, which is to be

compared to the numerical solution of =5:667098 10 4.
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Putative Exponential Improvement on Minkowski's Bound

For large d, therefore, the optimal terminal density is given by

3:276100896117° B 3:2761008961“6.
2[% ﬁ]d ~ 9(0:7786524795:::)d

which hence controls the asymptotic behavior of the conject ural lower bound

on max-

This putatively provides the long-sought exponential improvement on

Minkowski's lower bound.

This result also yields a conjectural lower bound on the maximal kissing

number:

Z max 7 = 40:248507861:6 2(0:2213475205:::)d;

which would be superior to the best known asymptotic lower bo und:
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Step Plus 2 Delta Functions With a Gap

Scardicchio, Stillinger & Torquato, J. Math. Phys. (2008)

Optimizing the case when (y possesses an additional delta function, leads to

the same exponential improvement as the previous case!
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Step Plus 2 Delta Functions With a Gap

Scardicchio, Stillinger & Torquato, J. Math. Phys. (2008)

Optimizing the case when (y possesses an additional delta function, leads to

the same exponential improvement as the previous case!

We also have evidence indicating that adding smooth decayin g functions to
such a test function does not further improve the exponent. T herefore, this
indicates that the asymptotic result

cd) _ c(d)

2[% ﬁ]d ~ 2(0:7786524795:::)d

is optimal for any nite number of delta functions
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Step Plus 2 Delta Functions With a Gap

Scardicchio, Stillinger & Torquato, J. Math. Phys. (2008)

Optimizing the case when (y possesses an additional delta function, leads to

the same exponential improvement as the previous case!

We also have evidence indicating that adding smooth decayin g functions to
such a test function does not further improve the exponent. T herefore, this

indicates that the asymptotic result

c(d  _ c(d)
~ 2(0:7786524795:::)d

ERE—F

is optimal for any nite number of delta functions

A provocative possibility is that the aforementioned expon entis truly optimal
which would mean that the upper-bound exponent of Kabatians Ky &

Levenshtein is way off the mark!
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max

Maximal Density

0.01

0.0001

1le-06

e—e densest known sphere packing
m—a Cohn-Elkies upper bound

one-delta-function estimate
—¢ two-delta-function estimate

| ] l ] ] ] l ]

4 8 16

Space Dimension, d
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Conclusions

Our work suggests that the densest sphere packings are disor dered in
suf ciently high dimensions, implying the existence of continuous potentials

with disordered classical ground states.

The latter possibility also has interesting implications f or coding theory .
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Conclusions

Our work suggests that the densest sphere packings are disor dered in
suf ciently high dimensions, implying the existence of continuous potentials

with disordered classical ground states.

The latter possibility also has interesting implications f or coding theory .

Open Problems

Are the conjectural lower bounds optimal?
Proof of the Torquato-Stillinger conjecture.

Are maximally dense packings in suf ciently high dimension S truly

disordered?
Construction of dense disordered sphere packings in high di mensions.

Non-spherical particles: Dense constructions; density bo unds.

0:72 [Conway & Torquato (2006)]
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