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Dense hard-particle packings are intimately related to the structure of low-temperature phases of matter and
are useful models of heterogeneous materials and granular media. Most studies of the densest packings in three
dimensions have considered spherical shapes, and it is only more recently that nonspherical shapes 共e.g.,
ellipsoids兲 have been investigated. Superballs 共whose shapes are defined by 兩x1兩2p + 兩x2兩2p + 兩x3兩2p ⱕ 1兲 provide a
versatile family of convex particles 共p ⱖ 0.5兲 with both cubic-like and octahedral-like shapes as well as concave particles 共0 ⬍ p ⬍ 0.5兲 with octahedral-like shapes. In this paper, we provide analytical constructions for
the densest known superball packings for all convex and concave cases. The candidate maximally dense
packings are certain families of Bravais lattice packings 共in which each particle has 12 contacting neighbors兲
possessing the global symmetries that are consistent with certain symmetries of a superball. We also provide
strong evidence that our packings for convex superballs 共p ⱖ 0.5兲 are most likely the optimal ones. The
maximal packing density as a function of p is nonanalytic at the sphere point 共p = 1兲 and increases dramatically
as p moves away from unity. Two more nontrivial nonanalytic behaviors occur at pⴱc = 1.150 9. . . and pⴱo
= ln 3 / ln 4 = 0.792 4. . . for “cubic” and “octahedral” superballs, respectively, where different Bravais lattice
packings possess the same densities. The packing characteristics determined by the broken rotational symmetry
of superballs are similar to but richer than their two-dimensional “superdisk” counterparts 关Y. Jiao et al., Phys.
Rev. Lett. 100, 245504 共2008兲兴 and are distinctly different from that of ellipsoid packings. Our candidate
optimal superball packings provide a starting point to quantify the equilibrium phase behavior of superball
systems, which should deepen our understanding of the statistical thermodynamics of nonspherical-particle
systems.
DOI: 10.1103/PhysRevE.79.041309
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I. INTRODUCTION

Packing problems, such as how densely given solid objects can fill d-dimensional Euclidean space Rd, have been a
source of fascination to mathematicians and scientists for
centuries and continue to intrigue them today. Dense packings of hard particles have served as useful models to understand the structures of low-temperature phases of matter,
such as liquids, glasses and crystals 关1–3兴, heterogeneous
materials 关3–5兴, granular media 关6,7兴, and even protein folding 关8兴. Packing problems arise in many different branches of
pure mathematics 关9,10兴 and in information theory 关11兴.
In general, a collection of given solid objects 共particles兲 in
d-dimensional Euclidean space Rd is called a packing if no
two of the objects has an interior point in common. The
packing density  is defined as the fraction of space Rd
covered by the particles. A problem of great interest is the
determination of the densest arrangement共s兲 of such particles
and the associated maximal density max. Besides the aforementioned applications, finding maximal density packings is
of importance to understanding the structure and properties
of crystalline equilibrium phases of particle systems as well
as their ground-state 共T = 0兲 structures in low dimensions in
which the interactions are characterized by steep repulsions
and short-ranged attractions.
The optimal solution to this packing problem for congruent particles that do not tile space is already very challeng1539-3755/2009/79共4兲/041309共12兲

ing, even in low-dimensional Euclidean spaces Rd 共d = 2 , 3兲.
In two dimensions, the optimal packing of circular disks is
the well-known triangular-lattice packing with density max
=  / 共2冑3兲. For ellipses, the densest packing can be obtained
by an affine transformation of the triangular-lattice packing
of circular disks, which possesses the same density max
=  / 共2冑3兲. These packings can also be constructed by enclosing each particle with a hexagon with minimum area that
tessellates R2 关12,13兴. It is only recently that the famous
Kepler conjecture, which postulates that the densest packing
of spheres in R3 has a density max =  / 共3冑2兲, as realized by
the stacking variants of the face-centered cubic 共FCC兲 lattice
packing, has been proved 关14兴. Although dense sphere packings for d ⱖ 4 have received considerable recent attention
关15–19兴, optimal solutions are not rigorously known. Packing problems in high Euclidean dimensions are intimately
related to the best way of transmitting digital signals over a
noisy channel 关10,11兴.
Understanding the organizing principles that lead to the
densest packings of nonspherical particles that do not tile
space is of great practical and fundamental interest. Clearly,
the effect of asphericity is an important feature to include on
the way to characterizing more fully real dense granular media. Another important application relates to supramolecular
chemistry 关20兴 of organic compounds whose molecular constituents can possess many different types of group symmetries 关21兴.
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FIG. 1. Superdisks with different values of the deformation parameter p.

On the theoretical side, no results exist that rigorously
prove the densest packings of other congruent non-spacetiling particles in three dimensions. For congruent ellipsoids,
the densest known packings with density max = 0.770 7. . .
are achieved by a family of crystal packings 共for a wide
range of aspect ratios兲 in which each ellipsoid has contact
with 14 others 关22兴. Recently, Conway and Torquato 关23兴
found dense periodic packings of regular tetrahedra with 
⬇ 0.72 by filling imaginary icosahedra with the densest arrangement of 20 tetrahedra and arranging the icosahedra in
their optimal Bravais lattice arrangement. Chaikin et al. 关24兴
experimentally produced jammed disordered packings of
nearly tetrahedral dice with density  ⬇ 0.75. Chen 关25,26兴
discovered the densest known periodic packing of tetrahedra
with  = 0.778 6. . ..
This paper is concerned with superball packings in low
dimensions, although primarily in three dimensions. A
d-dimensional superball is a centrally symmetric body in Rd
occupying the region 关27兴
兩x1兩2p + 兩x2兩2p + ¯ + 兩xd兩2p ⱕ 1,

共1兲

where xi 共i = 1 , . . . , d兲 are Cartesian coordinates and p ⱖ 0 is
the deformation parameter, which indicates to what extent
the particle shape has deformed from that of a d-dimensional
sphere 共p = 1兲. A particle is centrally symmetric if it has a
center P that bisects every chord through P connecting any
two boundary points of the particle. We note that a particle is
convex if the entire line segment connecting two points of
the particle also belongs to the particle; otherwise it is concave. The terms superdisk and superball will be our designations for the two-dimensional 共d = 2兲 and threedimensional 共d = 3兲 cases, respectively. In general, a

(a)

superdisk possesses square symmetry, as p moves away from
unity, two families of superdisks with square symmetry can
be obtained, with the symmetry axes rotated 45° with respect
to each other; when p ⬍ 0.5, the superdisk is concave 共see
Fig. 1兲.
In three dimensions, a superball is a perfect sphere at p
= 1 but can possess two types of shape anisotropy: cubic-like
shapes 共three-dimensional analog of the square symmetry of
the superdisk兲 and octahedral-like shapes, depending on the
value of the deformation parameter p 共see Fig. 2兲 关28兴. As p
continuously increases from 1 to ⬁, we have a family of
convex superballs with cubic-like shapes; at the limit p = ⬁,
the superball is a perfect cube. As p decreases from 1 to 0.5,
a family of convex superballs with octahedral-like shapes are
obtained; at p = 0.5, the superball becomes a regular octahedron. When p ⬍ 0.5, the superball still possesses an
octahedral-like shape but is now concave, becoming a threedimensional “cross” in the limit p → 0 关29兴. Note that the
cube and regular octahedron 共two of the five Platonic polyhedra兲 have the same group symmetry 共i.e., they have the
same 48 space-group elements兲 because they are dual to each
other 关30兴.
Recently, we constructed the densest known packings of
superdisks in R2, which provides a wide class of packings of
both convex and concave particles with square symmetry
关31兴. In particular, the optimal packing is achieved by one of
two families of Bravais lattice packings, which we called the
⌳0- and ⌳1-lattice packings. 共Note that in a Bravais lattice
packing, there is only one particle in the fundamental cell in
contrast to periodic packings that have multiparticle fundamental cells.兲 In the following, we will usually use the term
“lattice” to mean a “Bravais lattice.” As the particle shape
moves away from the circular disk point, the packing density
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FIG. 2. 共Color online兲 Superballs with different values of the deformation parameter p.
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increases dramatically from  / 共2冑3兲 and shows a nonanalytic behavior at the circular point. Here we stress that in
light of a theorem due to Fejes Tóth 关12,13兴, which states
that the optimal packing of any centrally symmetric convex
body in R2 can be always achieved by circumscribing the
body with the smallest hexagon that tiles the plane, our packings can be verified to be optimal for every specific value of
p ⬎ 0.5. This procedure is outlined in the Appendix of this
paper.
In this paper, we construct the densest known packings of
convex superballs, which are suggested by simulations and
based on the requirements that certain group symmetries of
the packings are preserved as the superballs deform from the
sphere and octahedron points. Moreover, we show that as p
changes from unity, i.e., moves away from the sphere point,
maximal packing density max rises steeply. The broken rotational symmetry of superballs results in a cusp in max at
p = 1. Thus, the initial increase of max is linear in 兩p − 1兩 and
max is a nonanalytic function of p at p = 1. Two more nontrivial nonanalytic behaviors occur at pⴱc = 1.150 9. . . and pⴱo
= ln 3 / ln 4 = 0.792 4. . . for cubic and octahedral superballs,
respectively.
For superballs in the cubic regime 共p ⬎ 1兲, the candidate
optimal packings are achieved by two families of Bravais
lattice packings possessing twofold 共see Sec. III A兲 and
threefold rotational symmetries 共see Sec. III B兲, respectively,
which can both be considered to be continuous deformations
of the FCC lattice. For superballs in the octahedral regime
共0.5⬍ p ⬍ 1兲, there are also two families of Bravais lattices
obtainable from continuous deformations of the FCC lattice
keeping its fourfold rotational symmetry 共see Sec. IV A兲 and
from the densest lattice packing for regular octahedra
关32,33兴, keeping the translational symmetry of the projected
lattice on the coordinate planes 共see Sec. IV B兲, which are
apparently optimal in the vicinity of the sphere point and the
octahedron point, respectively. The fact that the two families
of lattice packings for superballs with octahedral-like shapes
constructed separately from the provable optimal packing of
spheres and the densest known packing of octahedra 共which
we conjecture to be optimal 关34兴兲 meet at a single point 共the
same packing density with the same p value兲 strongly suggests that our candidate packings are most likely optimal.
The packing characteristics determined by the broken rotational symmetry of superballs are similar to but richer than
their two-dimensional superdisk counterparts 关31兴 and are
distinctly different from that of ellipsoid packings 关22兴.
For concave superballs 共p ⬍ 0.5兲, the lack of simulation
techniques to generate such dense packings prevents us from
drawing definitive conclusions about the optimality of concave superball packings. Here we construct a family of dense
packings of concave superballs that are close to optimal
around the octahedron point 共p = 0.5兲 based on the densest
Bravais lattice packing and will discuss an interesting aligning effect in the limit p → 0 共see Sec. IV C兲.
The rest of the paper is organized as follows. In Sec. II,
we briefly describe the simulation techniques used to generate dense packings of superballs, which guide our analytical
packing constructions. In Secs. III and IV, we construct the
densest known packings of superballs in the cubic and octahedral regimes, respectively. The structural characteristics of

(a)

(b)

FIG. 3. 共Color online兲 Dense packings of 共a兲 superdisks and 共b兲
superballs with p = 1.5 generated via the Donev-Torquato-Stillinger
algorithm with the growth rate ␥ = 10−5. The packing densities are
a = 0.912 3. . . and b = 0.707 2. . ., respectively. One can see that
the superdisk packing is nearly completely crystallized, while the
superball packing shows no significant signs of crystallization. The
white “chord” in each superdisk indicates one of its symmetry axis.

the packings and the effect of the broken symmetry of the
superballs are discussed in detail. In Sec. V, we present concluding remarks. In the Appendix, we briefly outline the procedure to show that for every specific value of p the constructed packings of two-dimensional superdisks in Ref. 关31兴
are indeed optimal.

II. DENSE PACKINGS OF SUPERBALLS VIA COMPUTER
SIMULATIONS
A. Event-driven molecular-dynamics algorithm for superballs
in the cubic regime

Recently, Donev, Torquato, and Stillinger 关35兴 developed
a highly efficient event-driven molecular-dynamics packing
algorithm, which generalizes the Lubachevsky-Stillinger
共LS兲 sphere-packing algorithm 关36兴 to the case of other centrally symmetric convex bodies 共e.g., ellipsoids and superballs兲. Henceforth, we refer to the algorithm as the DonevTorquato-Stillinger 共DTS兲 algorithm for convenience. The
DTS algorithm works as follows. Initially, small particles 共in
our case the superballs兲 are randomly distributed and randomly oriented in the simulation box 共fundamental cell兲 with
periodic boundary conditions and without any overlap. The
particles are then given translational and rotational velocities
randomly and their motion followed as they collide elastically and also expand uniformly, while the fundamental cell
deforms to better accommodate the configuration. After
some time, a jammed state with a diverging collision rate ␥
is reached and the density reaches a local maximum value.
In order to generate the densest packing 共or a packing
close to the densest one兲 of superballs in the cubic regime
共p ⬎ 1兲, a sufficiently slow growth rate is necessary, as verified by the extensive studies on spheres and circular disks,
ellipsoids, and ellipses as well as superdisks 关22,31,37,38兴.
In two dimensions, the densest local packing of many centrally symmetric convex particles 共among which circular
disks, ellipses, and superdisks are of particular interest兲 can
tessellate the space. The consistency of local and global op-

041309-3

PHYSICAL REVIEW E 79, 041309 共2009兲

JIAO, STILLINGER, AND TORQUATO

(a)

(b)

(c)

(d)

FIG. 4. 共Color online兲 Candidate optimal packings of superballs. 共a兲 The C0-lattice packing of superballs with p = 1.8. 共b兲 The C1-lattice
packing of superballs with p = 2.0. 共c兲 The O0-lattice packing of superballs with p = 0.8. 共d兲 The O1-lattice packing of superballs with p
= 0.55.

tima results in nearly complete crystallization in large packings of these particles 关e.g., see Fig. 3共a兲兴. By contrast, in
three dimensions the geometrical frustration of superballs
共i.e., the densest local packing is not consistent with the optimal global packing兲 makes it very difficult for the system to
follow the equilibrium branch of the phase diagram 共without
becoming stuck in any local minima兲 all the way to the densest packing state, even when small growth rates are used
关e.g., see Fig. 3共b兲兴.
To resolve this difficulty, one could specify initial configurations that are not random, such as unsaturated 关39兴 lattice packings that are hypothesized to be similar to the optimal lattice packing, which can be obtained by a reasonable
guess. Here we choose to arrange the superballs on the Bravais lattices that provide dense packings of spheres, such as
the face-centered cubic lattice and its stacking variants as
well as the body-centered cubic lattice, with a fourfold rotational symmetry axis of a superball that is parallel to a coordinate axis.
Two kinds of highly dense lattice packings of superballs
emerge from the simulations 关see Figs. 4共a兲 and 4共b兲兴 starting
from the unsaturated face-centered cubic packing as the initial configuration. Subsequent analytical calculations suggested by these simulation results lead us to the exact construction of two families of Bravias lattice packings, which
we call the C0- and C1-lattice packings 共so named because

(a)

they both involve particles with cubic-like shapes兲, whose
global symmetries are consistent with the twofold 关see Fig.
5共a兲兴 and threefold rotational symmetries 关see Fig. 5共b兲兴 of a
superball of the packing, respectively. The structural and
packing characteristics of the C0- and C1-lattice packings will
be discussed in detail in Sec. III We emphasize here that we
do not exclude the possibility of the existence of denser periodic packings with a complex particle basis, although we
did not find any of these packings by running the simulations
with a small number of particles in the fundamental cell
which facilitates the occurrence of denser periodic packings
if they existed 关22兴.
B. Stochastic optimization algorithm for superballs
in octahedral regime

For convex superballs in the octahedral regime 共0.5⬍ p
⬍ 1兲, the prediction of the collision sequence of particles, an
essential step in the DTS algorithm, is numerically unstable
when the particle shape deviates too much from a sphere 关see
Fig. 2共b兲兴 关40兴. Here we use a stochastic optimization packing algorithm 关41兴 to generate dense packings of convex superballs with octahedral-like shapes. Starting with a given
initial configuration, the positions and orientations of the particles as well as the lattice vectors are considered as “design
variables,” on which the packing density is dependent. Vari-

(b)

(c)

FIG. 5. 共Color online兲 Illustrations of certain rotational symmetries of the cube and regular octahedron. 共a兲 Twofold rotational symmetry
of a cube 共axis shown coincides with a face diagonal兲. 共b兲 Threefold rotational symmetry of a cube 共axis shown coincides with a body
diagonal兲. 共c兲 Fourfold rotational symmetry of a regular octahedron.
041309-4
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ous optimization techniques could be used to search the
design-variable space for a point associated with a 共local兲
maximum of packing density close to the initial value subject
to the nonoverlapping conditions. This process is repeated
and the packing density is gradually increased until a global
maximum is reached. For superballs, a stochastic optimization technique is employed whereby random small trial
moves in the design-variable space are generated, such that
any move is accepted if it leads to an increase in the packing
density without causing any overlaps, and is rejected otherwise.
The final density of the packing generated via the optimization algorithm is sensitively dependent on the initial configuration. Thus, appropriate choices of initial configurations
are crucial to the determination of the optimal packings.
Based on the results of packings of superdisks and superballs
in the cubic regime, it is reasonable to assume that the optimal packing lattice deforms continuously as the shape of the
superball changes, while the group symmetry of the lattice
consistent with the fourfold rotational symmetry of superballs is preserved. Near the sphere point, we take advantage
of the cubic fourfold rotational symmetry of the FCC lattice
by orienting the superballs with their fourfold rotational
symmetry axis parallel to those of the lattice 共see Sec. IV A兲.
Near the octahedron point, we use Minkowski’s 关32兴 densest
lattice packing for regular octahedra 共with the density  M
= 18/ 19= 0.947 3. . .兲 and insert a shrunken superball into
each octahedron in the packing. Note that Minkowski’s lattice packing is the densest known packing of regular octahedra, which we conjecture to be optimal among all packings
of regular octahedra, as explained in 关34兴. The unsaturated
packings so constructed are used as initial configurations for
the optimization algorithm.
Two types of highly dense lattice packings emerge from
the simulations 关see Figs. 4共c兲 and 4共d兲兴, which we call the
O0- and O1-lattice packings, respectively 共so named because
the particles have octahedral-like shapes兲. The packings and
their structural characteristics will be discussed in detail in
Sec. IV.

(a)

(b)

FIG. 6. 共Color online兲 共a兲 The stretched square-lattice layer of
spheres. 共b兲 The stretched lattice layer of superballs viewed from
the 关110兴 direction.

tion and the other one perpendicular to the plane of the
square lattice, as shown in Fig. 6共b兲. The magnitude of
stretching is determined by the shape of the superballs, thus
by the p value. The stretched layers are then stacked so that
the superballs in the top layers can sit exactly in the “pockets” formed by every four neighboring superballs in the bottom layer. Thus, each superball has four contacting neighbors
in its own layers: four in the layer above and four in the layer
below. The layer lamination is continued ad infinitum to construct the packing.
The above construction uniquely defines the C0-lattice
packings which possess twofold rotational symmetry 关see
Fig. 7兴 consistent with that of the superballs 关see Fig. 5共a兲兴.
The lattice vectors for any p value are given by
e1 = 21−1/2pi + 21−1/2pj,

e2 = 2k,

e3 = − 2si + 2共s + 2−1/2p兲j + k,

共2兲

where i, j, and k are the unit vectors along the coordinate
axis and s is the smallest positive root of the following equation:
共s + 2−1/2p兲2p + s2p + 2−2p − 1 = 0.

III. OPTIMAL PACKING OF SUPERBALLS
IN THE CUBIC REGIME

共3兲

The packing density max is given by

A. C0-lattice packing

As suggested by the simulation results, our analysis
shows that the densest packings of superballs with 1 ⬍ p
⬍ pⴱc are given by the C0 lattices, where pⴱc = 1.150 9. . . with
ⴱc = 0.759 6. . .. Although the C0-lattice packings are only apparently optimal for p 苸 共1 , pⴱc 兲, they exist for all p ⱖ 1, contrary to the O0- and O1-lattice packings of superballs with
octahedral-like shapes, which only exist for certain range of
p as discussed below. The C0 lattices are obtainable from the
continuous deformation of the face-centered cubic lattice. In
particular, the FCC lattice packing can be considered as a
laminate of square-lattice planar layers 关see Fig. 6共a兲兴. The
planar square lattice must be stretched along one of its orthogonal directions so that the superballs in the cubic regime
can be arranged on the 共stretched兲 lattice site with one of its
twofold rotational symmetry axis along the stretched direc-

FIG. 7. 共Color online兲 The C0 lattice for superballs in the cubic
regime viewed from the 关110兴 direction. The structure remains invariant when it is rotated 180° about an axis in the 关110兴 direction,
showing its twofold rotational symmetry.
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FIG. 8. 共Color online兲 Density versus deformation parameter p
for the packings of convex superballs. Insert: around pⴱc
= 1.150 9. . ., the two curves are almost locally parallel to each other.

=

Vsb共p兲
Vsb共p兲
= 3−1/2p
,
兩e1 ⫻ e2 · e3兩 2
共2s + 2−1/2p兲

共4兲

where Vsb共p兲 is the volume of superballs given by
Vsb共p兲 =

冉

冊冉

冊

2
1 2p + 1
1 p+1
,
,
B
,
2B
p
2p 2p
2p p

共5兲

and B共x , y兲 = ⌫共x兲⌫共y兲 / ⌫共x + y兲 and ⌫共x兲 is the Euler gamma
function.
The packing density max as a function of deformation
parameter p is plotted in Fig. 8. The “right” slope of max at
p = 1 is given by
a+ = −



12冑2

冋

24 + ln 8 + 4⌿

= 0.355 5 . . . ,

冉 冊 冉 冊 冉 冊册
1
3
5
+ 2⌿
− 6⌿
2
2
2

共6兲

where ⌿共z兲 = d关ln ⌫共z兲兴 / dz is the digamma function. The
positive value of a+ indicates that the initial increase in the
packing density is linear in 共p − 1兲. As mentioned before, the
C0-lattice packings are only optimal for p 苸 共1 , pⴱc 兲; beyond

FIG. 9. 共Color online兲 The C1 lattice for superballs in the cubic
regime viewed from the 关111兴 direction. The thin dark lines show
the three orthogonal directions, which clearly exhibits the threefold
rotational symmetry of the structure.

(b)

FIG. 10. 共Color online兲 Contacting points of a 共a兲 sphere and 共b兲
a schematic superball 共shown as a cube兲. The view is along the
关111兴 direction. The surface contacting points will continuously
move along the surface diagonals as the p value changes from unity
to ⬁. Every contacting point has a symmetric image about the center of the superball and their distributions have threefold rotational
symmetry.

pⴱc the C1-lattice packings become the densest. For p
⬎ 1 max increases dramatically until it reaches unity as the
particle shapes becomes more like a cube, which is more
efficient at filling space than a sphere. These characteristics
stand in contrast to those of the densest known ellipsoid
packings achieved by certain crystal arrangements of congruent spheroids with a two-particle basis, whose packing density as a function of aspect ratios has zero initial slope and is
bounded from above by a value of 0.770 7. . . 关22兴. As we
will see in Sec. IV, as p decreases from unity, the initial
increase of max is linear in 共1 − p兲. Thus, max is a nonanalytic function of p at p = 1, which is consistent with our conclusions about superdisk packings. However, it is distinctly
different from the optimal spheroid packings, for which max
increases smoothly as the aspect ratios of the semiaxes vary
from unity and hence has no cusp at the sphere point 关22兴.
The density of congruent ellipsoid packings 共not max兲 has a
cusplike behavior at the sphere point only when the packings
are randomly jammed 关42兴. The distinction between the two
systems results from different broken rotational symmetries.
For spheroids, the continuous rotational symmetry is only
partially broken, i.e., spheroids still possess one rotationally
symmetric axis, and the three coordinate directions are not
equivalent which facilitates dense non-Bravais packings. For
superballs, the continuous rotational symmetry of a sphere is
completely broken and the three coordinate directions are
equivalently fourfold rotationally symmetric directions of the
particle. Thus, a superball is less symmetric but more isotropic than an ellipsoid which apparently prefers dense Bravais
lattice packings. The broken symmetry of superballs makes
their shapes more efficient in tiling space and thus results in
a larger and faster increase in the packing density.
At p = pⴱc = 1.150 9. . ., the C0- and C1-lattice packings have
the same density ⴱc = 0.759 6. . . and superballs with pⴱc possess a twofold-degenerate crystalline maximal density state.
The C0 and C1 lattices have distinct group symmetries, thus
the optimal packing “jumps” from one structure to another
leading to another nonanalytic point in max. This behavior is
similar to that of optimal superdisk packings.
B. C1-lattice packing

For superballs with p ⱖ pⴱc the densest packings are given
by the C1 lattices with threefold rotational symmetry consis-
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FIG. 11. 共Color online兲 The C1-lattice packing of superballs obtained by stacking superball chains. 共a兲 The chain as depicted in the text.
共b兲 The layer constructed by stacking the chains. 共c兲 The packing obtained by stacking the layers.

tent with that of the superballs 关see Figs. 4共b兲 and 9兴. Note
though that the C1-lattice packings are only apparently optimal when p ⱖ pⴱc , they also exist for all p ⱖ 1. In the packing,
each superball has 12 contacting neighbors, among which six
contacting points are the edge centers and the other six are
along the surface diagonals, as schematically shown in Fig.
10. At p = 1, this local packing 共the central particle and its 12
neighbors兲 possessing threefold rotational symmetry is just
the building block of the face-centered cubic lattice packing
of spheres. As p increases from unity, the continuous rotational symmetry of a sphere is broken while the threefold
rotational symmetry of the local packing could still be maintained since cubic superballs still possess threefold rotational
symmetry 关see Fig. 12共b兲兴. Although the edge contacting
points will remain at the centers of the edges, the surface
contacting points will continuously follow a path along the
surface diagonals as p changes from unity to infinity. As p
approaches infinity, the surface contacting points will approach the surface centers; when the superballs become a
perfect cube at p = ⬁, the contacting points are degenerate,
i.e., the entire edges and surfaces of neighboring particles
contact each other, respectively.
The threefold rotational symmetry of the local packing
together with the requirement that each particle has 12 contacting neighbors uniquely determines the global packing lattice. The packing lattice for a specific p value can be obtained by continuously deforming the face-centered cubic
lattice. In particular, the lattice vectors of the C1 are given by
e1 = 21−1/2pi + 21−1/2pj,

ing each other through the centers of edges can be considered
as a chain which serves as the basic building block of the
packing structure. In contrast to the FCC packing of spheres
in which the dense layers constructed by stacking the chains
of spheres are parallel to one coordinate plane; for superballs
with p ⫽ 1, the chains are shifted relative to each other and
the normal direction of the layer containing the centers of
superballs does not coincide with the coordinate directions.
In this way, a lattice of pockets is formed in which the particles in the layer above can be exactly fitted to construct the
C1-lattice packing, as illustrated in Figs. 11共b兲 and 11共c兲.
IV. OPTIMAL PACKINGS OF SUPERBALLS
IN THE OCTAHEDRAL REGIME
A. O0-lattice packing

As p decreases from unity, the continuous rotational symmetry of a sphere is broken and a superball has an
octahedral-like shape 关see Fig. 2共b兲兴. The O0 lattice 关see Fig.
4共c兲兴 also can be considered as a continuous deformation of
the face-centered cubic lattice. As before, we start from the
FCC packing viewed as a laminate of square-lattice planar
layers of spheres, as illustrated in Fig. 12共a兲. We similarly
construct layers of superballs by orienting one of the fourfold
rotationally symmetric axes along the normal of the layer
关see Fig. 5共c兲兴 and aligning the other two of each superball so
that the square symmetry of cross sections of superballs in
the layer is consistent with that of the layer, as shown in Fig.

e2 = 21−1/2pi + 21−1/2pk,

e3 = 2共s + 2−1/2p兲i − 2sj − 2sk,

共7兲

where s is the smallest positive root of the following equation:
共s + 2−1/2p兲2p + 2s2p − 1 = 0.

共8兲

The packing density is readily computed from

max =

Vsb共p兲
Vsb共p兲
= 3−1/p
,
兩e1 ⫻ e2 · e3兩 2
共3s + 2−1/2p兲

共9兲

where Vsb共p兲 is the volume of a superball with deformation
parameter p as given by Eq. 共5兲. The packing density max is
shown in Fig. 5.
As shown in Fig. 11共a兲, a sequence of superballs contact-

(a)

(b)

FIG. 12. 共Color online兲 共a兲 Face-centered cubic packing of
spheres viewed as a laminate of face-centered square layers from
the 关001兴 direction. 共b兲 Similar laminate of face-centered square
planar layers of superballs in the octahedral regime viewed from the
关001兴 direction.
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(a)

(b)

(c)

FIG. 13. 共Color online兲 Projections of a O1-lattice subpacking on three orthogonal coordinate planes. 共a兲 Projection on the 共001兲 plane.
共b兲 Projection on the 共010兲 plane. 共c兲 Projection on the 共100兲 plane.

12共b兲. The layers are stacked so that the superballs in the top
layers can exactly sit in the holes formed in the bottom layer.
The layer lamination is then continued ad infinitum to generate the packing.
In the O0-lattice packing, each superball has four contacting neighbors in its own layer: four in the layer above and
four in the layer below. The lattice vectors for any specific p
can be uniquely determined by the symmetry and contacting
requirements, i.e.,
e1 = 2i,

e2 = 2j,

e3 = i + j + 2共1 − 21−2p兲1/2pk. 共10兲

As the shape of a superball deviates more from a sphere, the
holes in the layer become larger and the distance between
successive layers becomes smaller. In the limit that the superballs become octahedra 共p = 0.5兲, the planes of two successive layers coincide with each other. However, the distance between every other layer cannot be smaller than two,
which is the nearest distance between centers of two superballs aligned along one of the coordinate directions. As p
decreases from unity, there exists a point pⴱo where the particles of every other layer contact each other, forming
“cages” for the particles of the layer in between. The value of
pⴱo can be obtained from the relation
2共1 − 21−2p兲1/2p − 1 = 0,

共11兲

and we have pⴱo = ln 3 / ln 4 = 0.792 4. . . with the corresponding packing density ⴱo = 0.795 9. . .. If p decreases further
共i.e., p ⬍ pⴱo兲, the cages will be too large for the superballs to
maintain 12 contacts and the packing density would decrease.
Thus, the O0 lattice only gives the densest known packings of superballs in the vicinity left of the sphere point, i.e.,
pⴱo ⬍ p ⬍ 1. The packing density is given by

max =

Vsb共p兲
Vsb共p兲
=
,
兩e1 ⫻ e2 · e3兩 8共1 − 21−2p兲1/2p

共12兲

where Vsb共p兲 is the volume of a superball given by Eq. 共5兲.
Packing density max as a function of p is plotted in Fig. 9
共the branch with pⴱo ⬍ p ⬍ 1兲. The “left” slope of max at p
= 1 is given by

a− = −



12冑2

冋

ln共64兲 + 8 + 4⌿

冉 冊 冉 冊 冉 冊册
1
3
5
+ 2⌿
− 6⌿
2
2
2

共13兲

= − 0.029 41 . . . .

Thus, the initial increase in the packing density as p decreases from unity is linear in 共1 − p兲. As pointed out in the
previous section, the linear dependence on 兩p − 1兩 indicates
the nonanalyticity of max at p = 1, resulting from the broken
symmetry of superballs which is distinctly different from
other known hard-particle systems such as ellipsoids in three
dimensions. Note that the magnitude of a− is smaller than a+,
implying that superballs in the cubic regime are more efficient at filling space than superballs in the octahedral regime,
as can be also seen in the limiting cases: cubes can tile space
while the densest known packing of regular octahedra covers
about 94.74% of the space. The fact that the density of the
O0-lattice packing begins to decrease when p ⬍ pⴱo suggests
the existence of packings with different symmetry that would
be optimal near the octahedron point.
B. O1-lattice packing

In particular, the densest known packing of regular octahedra defined by 兩x1兩 + 兩x2兩 + 兩x3兩 ⱕ 1 is achieved by a Bravais
lattice packing with the lattice vectors 关32,33兴
2
2 2
e1 = i + j − k,
3 3
3

1
1 4
e2 = − i + j − k,
3 3
3

4
1 1
e3 = i − j − k.
3 3
3

共14兲

Each octahedron of this packing has 14 contacting neighbors.
This packing with density  M = 18/ 19= 0.947 3. . . was discovered by Minkowski 关32兴. By perturbing the Minkowskilattice packing using the method depicted in Sec. II B, we are
able to identify a family of highly dense packings of superballs near the octahedron point, i.e., the O1-lattice packing
关see Fig. 4共d兲兴. As shown in Fig. 13, the projections of the
O1-lattice packing on the three orthogonal coordinate planes
possess certain translational symmetry in two dimensions.
The translational vectors are along 共i + j兲 direction for 共001兲
plane, along 共i + k兲 and 共k − i兲 directions for 共010兲 plane, and
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(b)

(a)

(c)

FIG. 14. 共Color online兲 The O1-lattice packing of superballs obtained by stacking superball chains. 共a兲 The superball chain. 共b兲 The layer
constructed by stacking the chains. 共c兲 The packing obtained by stacking the layers.

along 共k − j兲 direction for 共100兲 plane. The magnitude of the
translational vectors are functions of p, which can be determined with the additional condition that each particle has 12
contacting neighbors. Thus, we obtain the lattice vectors for
the O1, i.e.,
e1 = 2li + 2lj − 2lk,

max =

e2 = − 2qi + 2sj − 2qk,

e3 = 2qi − 2qj − 2sk,

共15兲

where l, s, and q are given by the following equations:
l = 3−1/2p,

given the optimal packings of two limiting particle shapes,
strongly suggests that the packings along the path are also
optimal.
The packing density max is given by

2q2p + s2p − 1 = 0,

共l + q兲2p + 共s − l兲2p + 共l − q兲2p − 1 = 0.

Vsb共p兲
Vsb共p兲
=
,
兩e1 ⫻ e2 · e3兩 8l共3q2 + s2兲

共17兲

where Vsb共p兲 is the volume of a superball given by Eq. 共5兲.
The plot of max as a function of p is shown in Fig. 9 共the
branch with 0.5⬍ p ⬍ pⴱo兲. The packing structure could also
be considered as the stacking of superball chains, as illustrated in Fig. 14.

共16兲

At the limit p = 0.5, Eq. 共15兲 reduces to Eq. 共14兲.
As p increases from 0.5, the superballs deviate more and
more from regular octahedra and it becomes more difficult to
maintain 12 contacts for each particle and simultaneously to
keep the translational symmetry of the projected packings.
Interestingly, as p exceeds pⴱo = ln 3 / ln 4, Eq. 共16兲 will have
no real roots, indicating that the symmetry and contacting
conditions could not be satisfied at the same time beyond pⴱo.
Thus, the O1 lattice gives the densest known packings of
superballs near the octahedron point, i.e., 0.5⬍ p ⬍ pⴱo. At pⴱo,
the O0- and O1-lattice packings have exactly the same density, i.e., ⴱo = 0.795 9. . . and superballs with p = pⴱo possess a
two-fold-degenerate crystalline maximal density state. Note
that the O0 and O1 lattices possess distinct symmetries, as p
passes pⴱo the apparently optimal packing “jumps” from one
lattice to the other, which results in one more nontrivial
nonanalytic point in max. This additional nonanalytical point
does not exist for superdisk packings nor does similar behavior exist for any other known hard-particle systems.
We emphasize that the O1- and O0-lattice packings are
separately constructed from the FCC packing of spheres
which has been proved to be optimal and from the
Minkowski packing—the densest known packing of regular
octahedra, respectively. The amazing fact that the two families of packings both terminate at pⴱo with the same density
suggests that these packings are very likely optimal, although
we could not completely exclude the possibility that a periodic packing with a complex particle basis might have a
higher density over an interval including pⴱo. In other words,
the existence of the continuous “path” of superball packings
that we found, connecting the FCC lattice packing of spheres
and the Minkowski-lattice packing of regular octahedra

C. Generalization to concave superballs

As p decreases from 0.5, the superballs become concave
particles, but they still possess octahedral-like shapes 关see
Fig. 2共a兲兴. The lack of simulation techniques to generate concave superball packings make it very difficult to find the
optimal packings for the entire range of concave shapes 共0
⬍ p ⬍ 0.5兲. However, based on our conclusions for convex
superball packings, we conjecture that near the octahedron
point, the optimal packings possess similar translational
symmetry in two dimensions to that of the O1-lattice packing. By inserting into each octahedron in the Minkowski
packing a concave superball, we are able to obtain a family
of packings that are dense near p = 0.5 but not optimal; the

FIG. 15. 共Color online兲 Density versus deformation parameter p
for the packings of concave superballs. Inset: a concave superball
with p = 0.1, which will become a three-dimensional cross at the
limit p → 0.
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density of which is shown in Fig. 15. The packings could be
densified a little by carefully adjusting the particles to minimize the exclusion volume effects. However, the adjustments
are difficult to quantify.
It is interesting to point out that at the limit p → 0, one can
construct zero-length “chains” of a infinite number of
“crosses” along the 关111兴 共or any equivalent兲 direction. In
other words, the centers of crosses packed along the chain
are infinitely close to each other. This aligning effect, which
appears in three dimensions but not in two dimensions, suggests that near the cross point, the similarly constructed
chains of superballs might be a reasonable building block to
produce dense packings.
V. CONCLUSIONS

In this paper, we have constructed the densest known
packings of convex superballs based on symmetry and contacting requirements. For superballs in the cubic regime 共p
⬎ 1兲, the candidate optimal packings are achieved by the C0and C1-lattice packings possessing twofold and threefold rotational symmetries, respectively, which can both be considered as a continuous deformation of the FCC lattice. For
convex superballs in the octahedral regime 共0.5⬍ p ⬍ 1兲, the
O1 and O0 lattices obtainable from the continuous deformation of the FCC lattice keeping its fourfold rotational symmetry and from the Minkowski lattice for regular octahedra
关32兴 keeping the translational symmetry of the projected lattice on the coordinate planes are apparently optimal in the
vicinity of the sphere and the octahedron point, respectively.
The packings jump between distinct lattices as p passes pⴱc
and pⴱo, leading to two nontrivial nonanalytic points in max.
The existence of the continuous “path” of superball packings that we found connecting the FCC lattice packing of
spheres and the Minkowski-lattice packing of regular octahedra provides strong evidence that our candidate packings
are very likely optimal. For concave superballs, we constructed a family of dense packings based on the Minkowski
lattice and discussed an interesting aligning effect. Moreover,
we have shown that as p changes from unity, there is a significant increase in the maximal packing density max, which
is initially linear in 兩p − 1兩 resulting in the nonanalytic behavior of max at the sphere point. Interestingly, this threedimensional behavior is consistent with the fact that there is
an exponential improvement on the lower bound on max of
superballs relative to that for spheres in arbitrarily high dimensions as found by Elkies et al. 关27兴. The packing characteristics of superball packings are much richer than those
of superdisks, and the nontrivial influences of the broken
symmetry are distinctly different from the other known aspherical packings such as ellipsoid packings. Although the
anisotropic shape of the particle allows for the possibility of
local arrangements with larger coordination numbers, in the
candidate optimal packings each superball maintains 12 contacting neighbors for all values of p, in contrast to the densest known ellipsoid packings in which each particle has 14
contacting neighbors.
The optimal Bravais lattice packings of convex superballs
for a particular value of p are also the corresponding dense

crystal phase states of superballs in equilibrium. Therefore,
our findings provide a starting point to quantify the entire
equilibrium phase behavior of superball systems, which
should deepen our understanding of the statistical thermodynamics of nonspherical particle systems 关43–45兴. Ideally, one
would expect a first-order disorder-order phase transition of
superball systems for every value of p. However, the kinetic
difficulty of such a transition increases with the geometrical
frustrations introduced by the particles. In practice, the disordered metastable states could frequently occur, as illustrated in Fig. 3共b兲. Some preliminary investigations that we
have carried out show that disordered superball packings are
hypoconstrained, i.e., the average contact number is smaller
than twice of the number of degrees of freedom of the particles 关46兴. A rotational transition is also possible, i.e., the
rotational degrees of freedom of the particles are suddenly
frozen when the packing density exceeds a certain threshold
value. A unique feature of superball systems is that symmetry
transitions occur at pⴱc and pⴱo. Thus for particles with a deformation parameter close to pⴱc or pⴱo, multimorphological
maximal density states might be found.
Moreover, the optimal packings of convex superballs are
significantly denser than optimal sphere packings when p
deviates considerably from unity; even the disordered packings could have densities close to max of spheres. This suggests that one could use particles with shapes similar to that
of superballs in situations where dense packings are favored,
such as in certain powder sintering processes. We also note
that superballs can be mass produced using modern lithography techniques, which would enable one to prepare and
study superball packings experimentally.
In the future, we will generalize the current work to the
study of disordered packings of superdisks and superballs
and further explore the effect of broken rotational symmetry.
It will be also interesting to understand the “jamming” characteristics 关46,47兴 of both random and crystalline packings of
these particles.
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APPENDIX: OPTIMALITY OF THE SUPERDISK
PACKINGS FOUND IN REF. [31]

In this section, we briefly outline the procedure used to
verify that for every specific value of p ⬎ 0.5 the constructed
packings of superdisks in two dimensions in Ref. 关31兴 are
indeed optimal, by virtue of Fejes Tóth’s theorem 关12,13兴
described in Sec. I. In particular, Fejes Tóth’s theorem states
that the densest packing of any centrally symmetric convex
body in two dimensions is always given by the smallest
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timal packing reduces to finding the circumscribing hexagon
of a superdisk with minimum area.
Let a superdisk be circumscribed by three pairs of parallel
lines forming a hexagon, as shown in Fig. 16. Denote the
common tangent points by M i with the coordinates
共i兲
共m共i兲
1 , m2 兲 共i = 1 , . . . , 6兲. Since the particle is centrally symmetric, M i and M i+3 共i = 1 , 2 , 3兲 are also symmetric about the
共i+3兲
共j = 1 , 2兲.
center, i.e., m共i兲
j = −m j
From the common tangent conditions, one can write down
the equations of the parallel lines in terms of the coordinates
m共i兲
j 共i = 1 , . . . , 6 , j = 1 , 2兲, from which the vertices of the
hexagon as intersections of different pairs of lines can be
obtained. Thus, the area of the hexagon is readily expressed
共1兲
共6兲
as a function of m共i兲
j , i.e., S共m1 , . . . , m2 兲. By solving the
following optimization problem:
FIG. 16. 共Color online兲 A superdisk circumscribed by a hexagon
formed from three pairs of parallel lines.

共6兲
Minimize:S共m共1兲
1 , . . . ,m2 兲,
共i兲 2p
2p
Subject to:兩m共i兲
1 兩 + 兩m2 兩 = 1,

共i = 1, . . . ,6兲, 共A1兲

hexagon that circumscribes the body. Since the body is centrally symmetric, the hexagon is as well and therefore it tiles
R2. Fejes Tóth’s theorem also implied that the optimal packing for any two-dimensional centrally symmetric body is a
Bravais lattice packing. Thus, the problem of finding the op-

one can find the smallest hexagon circumscribing the particle
and thus verify for every specific p ⬎ 0.5; the packings given
in Ref. 关31兴 are indeed optimal.
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