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Abstract

In this“rst part of a series of two papers we present in considerabk detail a collision-driven molecular dynamics
algorithm for a system of non-sphericd particles, within a parallelepiped simulation domain, under both periodic or
hard-wall boundary conditions. The algorithm extends previous event-driven molecular dynamics algorithms for
spheres and is most e cien t when applied to systens of particles with relatively smal aspet ratios and with small
variations in size We preser a novel partial-update near-neighba list (NNL ) algorithm that is superior to previous
algorithms at high densities without compromising the correctnes of the algorithm. This e cienc y of the algorithm
is further increasel for systens of very asphericd particles by using bounding sphere complexes (BSC). Thes tech-
niques will be usefd in any particle-basel simulation, including Monte Carlo and time-driven molecular dynamics.
Additionally , we allow for a non-vanishing rate of deformation of the boundary, which can be used to mode macro-
scopi strain and also alleviate boundary e ects for smal systems In the secord part of this series of papers we spe-
cialize the algorithm to systens of ellipses and ellipsoids and presert performance results for our implementation,
demonstrating the practical utility of the algorithm.

2004 Elsevig Inc. All rights reserved.

1. Introduction

Classcd molecular dynamics (MD ) simulations have been usel to study the properties of particl e sys-
tems for many decales The“rst M D studies usal the simples multi-particle system the hard-sphere "u id/
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solid [1], which isvery rich in behavior. Subsequenty, methods were developel to follow the dynamics of a
systen of soft spheres, i.e., particles interacting with a spherically symmetric and continuous interparticle
potential, usualy with a hard cuto on the range of the interaction. The algorithms needed to simulate the
two types of sygems are rather di ere nt, and di cul tto combine[12] For soft particles, one needsto inte-
grate a sydem of ordinary di erential equations given by Newton s law of motion. However, for hard par-
ticles the interaction potential is singuar and the task of integrating the equations of motion becomes a
problem of procesing a sequence of binary collisions betwea the particles, * or collisions of the particles
with the hard walls of a container, if any. In other words, for hard particles, one need to predict and
process a sequerte of discreteeventsof vanishing duration.

Thealgorithm for hard particles therefore becomesevent-diven as opposed to the time-driven algorithm
for soft-particle MD in which time changes in smdl steps and the equations of motion are integrated.
Event-driven algorithms have the task of scheduing a sequence of evenss predicted to happen in the future.
The simulation is advanced to the time of the evert with the smalle$ schaluled time (the impending evenj
and that event is procesed. The scheduk of evensis updated if necessay and the sane procesisrepeded.
In molecular dynamics, the primary kind of event are binary collisions, so the simulation becomescollision-
driven This kind of collision-driven approach was useal for the very “rst MD simulation of the hard-disk
system[1], and has since been extendal and improved in a variety of ways, most importantly, to increasethe
e ciency of the algorithm. All of these improvements, namely, delayed particle updates, the cel method, the
use of a heapfor the evert queue, etc., appea in almos any e cie nt hard-particle MD algorithm. Systems
of many thousands of hard disks or spheres can be studied on a modem persond computer using such algo-
rithms, and in the pag decade the method has been extendel to handle more complex simulations, suc as
particles in a velodty “eld [30]

However, we are aware of only one collision-driven simulation in the literature for non-sphericd parti-
cles namdy, onefor very thin rods (needles)8]. Other molecular dynamics simulationsfor hard non-spher-
ical particles have usal a time-driven approach [2], which is simpler to implement than the eventdriven
approach but inferior in both accurag/ and e ciency (at high densities) Two kinds of smoath shapes
are usal frequently to model aspheicd particles. spheocylinders (a cylinder with two spherica caps),
and ellipsoids Both can bemme spheres in a suitable limit. Spherocyinders are analytically much simpler
then ellipsoids howewer, they are always axisymmeric and cannot be oblate.

The primary reasm eventdriven algorithms have not yet been usal for non-spheiical particlesis that a
high-accuragy collision-driven schene for non-trivial particle shapes and su ¢ iently large systens is very
demanding. Computers have only recertly reacheal the necesary speedsand a proper implementation in-
volves a signi“cant levd of code complexity. In this paper, we presert in detail a collision-driven molecular
dynamics algorithm for a sygem of hard non-spheiical particles The algorithm is basel on previous event-
driven M D approachesfor spheres, and in particular the algorithms of Lubachevsky[19]and Sigurgeirsson
et al. [2]. Whilein principle the algorithm is applicable to any particle shape we have speci“cally tailored it
for smooth particles for which it is posside to introd uce and easily evaluae continuously di erentiable
overlg potertials. Additionally, it is assuned that the particles have a spheiically symmetiic moment of
inertia, so that in-betwee collisions their angular velodties are constart. Furthermore, the algorithm is
mogt e ¢ ient when applied to relatively dense and homogeneous systens of particles which do not di er
widely in size (i.e., the degree of polydispersity is small). We focusin thiswork on systens with lattice-based
boundaries, under both periodic or hard-wall boundary conditions. The main innovations and strengths of
the proposeal algorithm are:

1 Multi-parti cle collisions have zero probability of occurring and will not be consideral here.
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It speci“cally allows for non-axially symmetric particles by using quaternions in the representation of
orientational degree of freedom, unlike previous hard-particle algorithms which have been restricted
just to needles spherocylinders or spheroids.

The particle-shape-dependen components of the algorithm are clearly separded from gereral concepts,
so that it is (at leag in principle) eay to adapt the algorithm to di erent particle shapesIn the second
part of this selies of papers we present in detall the implementation of these components for ellipses and
ellipsoids.

It explicitly allows for time-dependen particle shgpes and for time-dependent shgpe of the boundary
cell, which enables a range of non-equilibriu m applications and also Parindlo...Rahma-like [26] con-
stant-pressure molecular dynamics.

It corrects some assumptionsin traditional hard-sphere algorithmsthat are not corred for non-spheical
particles or when boundary deformation isincluded, such asthe nearest image convetion in periodic sys-
tems and the claim that there must be an intervening collision between succesive collisions of a given
pair of particles.

It isthe" rst rigorous eventdriven M D algorithm to incorporate nearneightor lists, by using the concept
of boundng neighborhods. Thisis a very signi“cant improvemert for very aspheica particles and/or at
high densities and has some advantages over the traditional cel methodeven for hard spheres becau it
allows a close monitoring of the collision history of the algorithm.

It isthe“rst algorithm to speci“cally address the problem of e cien t near-neighbor seard for very elon-
gated or very "at particles by intro ducing the concept of bourding sphee complees The algorithm also
clearly separdes neighbor-seard in a static environment (where particle positions are “xed) from its use
in a dynamic environment (where particles move continuously), thus enabling one to easily incorporate
additional neighbor seard techniques We emphasize that the develgped near neighbar seard tech-
niques will improve all particle-basel simulations, including M onte Carlo and time-driven molecular
dynamics.

It is documented in detail with pseud-codes which closdy follow the actual Fortran 95 code usel to
implemert it for ellipses and ellipsoids.

One motivation for developng this algorithm has been to extend the Lubachevsky.. f8linger sphere-
packing algorithm [20,21]to non-spherica particles. We have successfulyy used our implemertation to ob-
tain many intereging resuts for random and ordered packings of ellipses and ellipsoids[6]. The algorithm
can also be usel to study equilibrium properties of hard-ellipse and hard-€llipsoid sygems and we give sev-
erd illustrative applicationsin the secord paper of thisseries In the secad pape we also numerically dem-
onstrate that our novel neighbor-seard techniques can speeal the simulation by as much as two orders of
magnitude or more at high densities and/or for very aspheical particles, as compared to direct adaptations
of traditional hard-sphere schems.

We begin by presening preliminary information and the basic ideas behind the algorithm in Sectbn 2.
We then focus on the important task of improving the e cie ncy of the algorithm by focusing on neighbor
seart in Secton 3, and presen both the classical cel method and our adaptation of near-neighbor lists.
Detailed pseudo-cods for all major steps in the algorithm for generd non-spherica particles are given
in Section 4, and these are continued in the secord part of this selies of papers for the speci‘c cae of
ellipses and ellipsoids.

2. Preliminaries

In this section we give some background information and a preliminary description of the algorithm.
First, we discuss the impact the shape of the particles has on the algorithm. Then, we brie”y descibe
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the two main approaches to hard-particle molecular dynamics time-driven and eventdriven. Finally, we
discuss boundary conditions in our event-driven molecular dynamics algorithm and also the possilility
of performing eventdriven MD in di erent ensemblesBold symbds are reservel for vectors and matrices,
and subsciptsare used to denote their components. M atrix multiplication is assumed whenever products of
matrices or a matrix and a vector appear. Subscripts or supersripts are used heavily to add speci“city to
various quantities for examge, r denotes position, while r5 denotes the position of some particle A. We
denote the numerical precision with 1, and use subscipted s for various user-sé¢ (small) numerical
tolerances We often omit explicit functional dependencies when they are clealy implied by the context
and it is not important to emphasze them, for examge, f and f(t) will be used interchangeably.

2.1. Particle shape

We consideg a sydem of N hard particles whose only interactions are given by impenerability con-
straints, although it is eay to allow for additional external “elds which are independet of the particles
(such as gravity). Many of the techniques developel here are also usel to deal with particles interacting
with a soft potential if thereisahard cuto on the potential. We discuss the specal cas of orientation-less
particles, namely spheres, at length, and we use hard ellipsoids to illustrat e the extensios to non-spherical
particles. We will use the terms sphere and ellipsoid in any dimension, but somdimes we will be more spe-
ci“c and distinguish between disk and ellipse in two dimensions, and sphere and ellipsoid in three
dimensions.

Spheres are a very important specid cas not only becaug of their simplicity, but also becauseboundng
spheesareanecesary ingredient when dealing with aspheicd particles A bounding spherefor a particleis
centaed at the centoid of the particle and has the minimal possilde diameter D o = 20max SO that it fully
enclose the particle itself. Here by centroid we mean a geomerically specal point chosen so that the
bounding spheie is as smal as possible (i.e., it should be chosen to be as close as possilde to the midpoint
of the longeg line segnent joining two points of the particle). For examge, for an ellipsoid, the bounding
sphere has the sane centa as the ellipsoid and its diameter is equal to the largest axes of the ellipsoid. The
importance of bounding spheresisthat they provide a quick and analytically simple way to tes for overlap
of two particles: Two particles canna overlap if their bounding spheres do not overlap. Occasiondly we
make use of contaned sphees, which are also centered at the centroid of the particle and have the maximal
possible diameter D in = 20min SO that they are fully within the particle itself. For ellipsoids their diameter
isthe smdled axes Note that two particles must overlap if their contained spheres overlap. The e ¢ iency
of the EDM D algorithm descibed in this pape is primarily detemined by the aspet ratio a = D a/D min-
The greate the deviation of a from unity, the worse the e ¢ iengy becaug the bounding/contained spheres
become worse approximations for the particles and becau® of the increasing importance of particle orien-
tations. We propose a novel near-neighba list technique for dealing with very aspherica particles, in addi-
tion to the standard cel method

2.2. Molecular dynamics

Thegoal of our algorithm isto simulate the motion of the particlesin time ase cientl y as possible while
taking into account the interactions between the particles For hard-particle systems the only interactions
occur during binary collisions of the particles. The goa of hard-particle molecula dynamics(MD ) algo-
rithms is to corredly predict the time-ordered sequece of particle collisions. Additionally, there may be
obstacles such as hard walls with which the particles can collide. Next, we brie” y introd uce the main ideas
behind the two main approachesto hard-particle MD , time-driven and event-driven M D. This preliminary
presenation will be helpful in underganding the red of this sectin. Further details on the eventdriven
algorithm are given in Secton 4.
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2.2.1 Time driven MD

The time-driven moecula dynamics (TDMD ) approach isinspired by M D simulations of sysems of soft
particles (i.e., particles interacting with a continuous interaction potential). It has been adapted also to the
simulation of hard-particle systems particularly non-sphericd particles [2,28] mainly becau of its sim-
plicity . In this approach, all of the particles are displacedsynctronouslyin smdl time stepsDt and a check
for overlap between the particlesis done. If any two particles overlap, timeis rolled back until the approx-
imate moment of initial overlap, i.e., thetime of collision, and the collision of the particlesis procesed (i.e.,
the momenta of the collidin g particles are updated), and the simulation continued. The main disadvantage
of this approach isthat it is not rigorous, in the seng that collisions may be missal or the correct ordering
of a sequence of succesive collisions may be mis-predcted (particularly in dense sysems). To ensure a rea-
sonably correct prediction of the sydem dynamics a very smal time step must be usel and this isine -
cient. Nonetheless since only checking for overlap between particles is needed, the simplicity of the
method is a very attractive feature. Additionally, such an approach is parallelizable with the same
techniques as any other M D algorithm (for examgde, domain decomposition).

2.2.2 Event driven MD

An alternative rigorous approach is to useevent-diven molecula dynamics(EDM D), based on a rather
generd modd of discrete eventdriven simulation. In EDMD, instead of advancing time independently of
the particles as in TDMD , time is advanced from one eventto the next event where an evert is a binary
particle collision, or a collision of a particle with an obstack (hard wall). Other types of evens will be dis-
cussel shortly, howewer, collisions are the central type of event so we label the approadh more speci“cally as
collision-driven molecular dynamics (CDMD) . We will, howewer, continue to use the abbreviation EDMD
since the term eventdriven is widely used in the literature.

E cien t implementations of EDM D are asynchlionous ead particleis at the point in time when the last
even involving it happened Each particl e predicts what its impendirg eventis and when it is expectd to
happen. All of thes event are entered into a priority evern queue(typically implemerted by a heap), which
allows for quick extraction of the next evert to happen. The positions and momerta of the particles
involved in this event are updated, the particles next evert predicted, the evert queue updated, and the sim-
ulation continued with the next event. Sometimes event may be mis-predcted. For examgde, a particle i
may predict a collision with particle j, but another (third party) particle m may collide with j before i
hastimeto. A specal event called a checkneeds to be introduced, and it amountsto simply (re-)predicting
the impending evert for a given particle. Given in“nit e numerica precision this kind of approach rigor-
ously follows the dynamics of the system.

The computationally expensve step in EDM D isthe prediction of the impending evert of a given par-
ticle i (even though asymptotically the event-queue operations dominate). Thistypically involves the expen-
sive (espeially for non-spheiica particles) step of predicting the time of collision between the particle i and
a sd of other particlesj. In the simpleg approach, one would predict the time of collision betweeni and all
other particles and choose the smalles one, but a much more e c ient approach is descibed in Sectin 3.
For spheres moving along straight lines, predicting the time of collision merdy amountsto “ndin g the “rst
positive root (if any) of a quadratic equaton, and is very fast. Therefore, for spheiica particles EDMD
always outperforms TDM D by orders of magnitude, andit is rigorous. For non-sphericd particles colli-
sion predictions are much more involved, but for algelraically simple smoath particle shapesit is expeced
that EDM D will still outperform TDM D for a wide range of densities Furthermore, there are sysems for
which TDMD is not possible and one must use EDMD , such as sygems of hard line segnents [8]. Note,
howewer, that the e ¢ iency of the EDM D approach is possilde only because the motion of the particles
between events can be predicted a priori, and becau® binary collisions only a ect the two colliding parti-
cles In cases when these assumptions are not true, TD M D may be the only option. Additionallly, it isvery
important to note that the EDM D algorithm is inherently non-parallelizable due its sequental processing
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of the evenk. Some attempts have been made to parallelize the method [18] by using the locality of the
interactions, and very recertly actual implemertations have appeared[24] We will defer any discussion
of parallelization to future publications.

2.3. Boundar conditions

In this paper, we conside MD in a simple bounded simulation domain embelded in a Euclidean space
EY of dimensionality d. In particular, we focus exclusively on lattice-basel boundaies This mears that the
simulation domain, which the particles never leave is a paralelepipedde‘ned by d lattice vecta's, Ky,. . .,Kq.
The simulation domain, or unit cell, isa collection of pointswith d relative coordnatesr in theinterval [0,1],
and corresponding Cartedan coordinates

Xd
rEPy, reke YaKr; ap
kvl

where K is a square invertible matrix representing the lattice, and contains the lattice vectors as columns.
The volume of the unit cel is given by the positive determinant |K|. Asiillustrated in Fig. 1(a), the param-

(a)
l2

. v=-4 . v=-3 . y=-2

Fig. 1. lllustrati on of lattice-basel boundaries. Thetop sub“gure shows a unit cel in two dimensins, along with the length of the unit
cel along the x direction, L4, and the left and right eswallse along the x dimension Also shown is a particle and its bounding sphere
(disk). The bottom sub“gure shows a unit cel and an original particle (black), along with the “rst neighbor images and their image
identi“ersv.
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etersdescrbing the geomery of a lattice-basal boundary separateinto componentsalong di erent sedimen-
sionge, mearing along di erent lattice vectors. For exampe, there are d perpendicular distanceslL  between
the eeleft= and eserightee faces of the parallelepped along k¢ (meaning the two (d 1)-dimensional faces
spamed by all lattice vectors other than ki), one for eat dimension k = 1,...,d. We assurre that in three
dimensions the lattice vectors form a right-handed coordinate system so ead lattice vectar can be identi-
“ed asde'ningthe x (k=1),y (k= 2), or z (k = 3) axis.

Addition ally, we allow either periodicor hard-wall boundary conditions (BCs) to be speci“‘edindepend-
ently along eac dimension, that is, the eslefte and eerightes faces of the unit cel along eac dimension can
either be hard walls or periodic boundaries. The most commonly usel BCs are fully periodic, and one can
interpret periodic sygems as being on a topologica torus whose distance geomery is determined by the
metric tensor G = KTK (a «*"ate torus), or one can interpret periodic systens as being in“nit e and covering
all of Euclidean spae with identical copies of the unit cell and the particlesin thisunit cel. We will refer to
the particles in the unit cel asoriginal particlesand simply identify them with an integeri = 1,...,N. There
are in“nitel y many image or virtua particlesfor evely original particle, translated from the original by an
integer number of latticevectarsn. 2 Z . Weidentify such an image of particle i with a pair of integers (i,v),
where the image or virtual iderti“er v denotes the particular image in question, n. = ny(v). Traditional hard-
sphere algorithms have useal the so-calledl neareg image convention, which assume that only one (easy-
to-identify) image of a given particle j can overlap particle i and thus n. need not be explicitly stored.
However, this assumption is wrong for non-spheiica particles, where severl images of a given particle |
can overlap an original particlei.

One almost neve needs to worry about any but the 3¢ (9 in two, and 27 in three dimensions) images of
the unit cel that neighbor the original one (“rst neighbors, including the cel under consideation). We
number these images with v= (3% 1)/2....,(3° 1)/2, so that images with opposite n. s have identi‘ers
of equd magnitude but opposite sign,n.( v) = ng(V), asillustrated in two dimensions in Fig. 1(b). Note
that (i,0) Zi. When consideing ordered pairs of particles [i,(j,v)], one of the particles, i, is always original,
while the other one, (j,v), can be an image or an original. Due to our choice of image-numbeing, we can
alternatively conside evely such unordered pair to be composel of particles j and (i, V),

{i.Gv} 2{i.G, v}

2.3.1 Boundar deformaion

In our simulations, we userelative coordinatesr (i.e., expresed in terms of the lattice vectars), and like-
wise relative velocities v, and convert these into their Euclidian representations r®® and v\® when necesary.
The relative position of an image particle is r + n.. The conversion betwee the two representations adds
computational overheal due the matrix...vetor multiplication ? in (1). Some of this overheal can be
avoided by only using Euclidean positions, howewver we have chosen to express all positions relative to
the lattice. The primary reasa for this choice is that we allow the lattice to deform, that is, we allow
for a lattice velodty K. In our algorithms, the lattice can changelinearly with time,

DK ¥4 KDt;
even though a more corred approach isto have a constant strain rate

_VaKK Y @b
that is, to have an exponential time evolution of the lattice,

KabYsexpd tiKAOR

2 Note, however, that when the lattice is K = 1, which is the usud choice unless a specid unit cel is needed all the matrix...vear
multiplicati ons becone trivial . Our implementation has a specid mode for this simple but important case.
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Theidenti“catio n of = (DK)K * with the macroscopic strain is explained in [31], and we choo=e it to be
symmetic, _¥ ', to eliminate rotatio ns of the unit cel.

In our approach, since the positions of the particles arerelativeto the lattice, the particles move together
with the lattice. Thisis necesary in order to simulate isotropic sysems Namely, had the positions of the
particles been independent of the lattice and the lattice deformed, for examge, uniformly contracted, the
image particles would move with the lattice, but the originals would not, and this would lead to arti“ cial
e ects at the boundary of the unit cel. However, using relative positions is not without a cost Consider a
particle at relative position r which moves with constant relative velodty v. Its Euclidean position is a
parabola

2
rEapy, &K p Kitbdp vibYuKrp Kvp Krbp aztgvp%; &Bp

rather than a straight line. We can identify the instantaneous Euclidean position and velocity as well as the
acceération to be

r& 1, Kr: oAb
VEPY, Kvp Kr; &b
a®Py, 2Kv: &b

This complicates for examgde, the calculation of the time of collision of two moving spherical particles.
Ordinarily a quadrdic equation needs to be solved but when the lattice deforms, a quartic equation needs
to be solved instead To our knowledge our algorithm isthe“rst EDM D algorithm to include a deforming
boundary.

In our algorithm, the lattice velodty is an externally imposed quantity,, and our goal is to simulate the
motion of the particles asthe boundary deforms, for examge, in order to study shea banding in sygems of
ellipsoids [10]. It isthe usud cas that the boundary deforms slowly compared to the motion of the parti-
cles Asthe boundary deforms, the unit cel becomes less and less orthogonal, and so in long-time simula-
tions some form of orthogonalization of the unit cel might be necesary (we have not experimented with
such techniques) Previoudy usel constantshea MD techniques[17] do not have this problem, howewver
they are also not capable of simulating arbitrary shears and are plagued with boundary e ects.

Unlikein TDMD, in EDMD it is not possible to couple the motion of the boundary to all of the par-
ticles, asis donein Parindlo...Raman MD [26] Thisis because the e ¢ iency of the method depends crit-
ically on thefact that particles move independetly between collisions and that particle collisions only a ect
the colliding particles. However, a pseudo-FRM D approach is possible, in which the lattice velocity is
updated after a certain number of particle collisions and the simulation is essentifly redarted with a
new lattice velocity. We have some preliminary positive expeiiene with such a method. Unit cel dynamics
isalso nealed to properly study anisatropic liquids, which isvery important for non-spheiica particles[15].
A deforming boundary can also be used to model macroscopic strain in multiscale simulations (for exam-
ple, to simulate granular "ow ) in which microscde MD is usel to obtain material properties neede for a
macroscopic continuum simulation.

2.4. EDMD in di erent ensembles

Molecular dynamics is often performed in ensembles di erent from the NVE one, and in particular,
constart temperature and constart pressue are often desred. For this purpose various thermostats
have been developal. However, these are usualy desigred to be usel with time-driven MD and systems
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of soft particles. We are in fact aware of no work that explicitly discusses thermostats for eventdriven
MD.

Hard particl e systens are inherertly athermal due to the lack of energ scale and the pressue and time
scaling are therefore arbitrary. Sophidicated temperature or pressue thermostats are thus not usualy
neeced. In particular, simple velodty rescding can be used to keep the temperature at the desired value.
The average trandlational kinetic energyE, Pep particle can be calcuated and then both the trandlational
and angular velodties scakd by the factor s¥%  dks T=2E, and the simulation essehially restarted. 3 This
kind of temperature control is needed when, for examgde, the particles grow or shrink in size since this
leads to non-consenative collision dynamics and an overal heating or cooling of the sygem. Alt hough
velodty rescalirg is simple and convenient, it has seiious de“ciencies[11], and a true canonicd thermostat
may be needal in some applications. For this purpose an Andersen thermostat [9] can be included in col-
lision-driven algorithms by consideing the thermostat as a possile collision partner (with an appropri ate
Poissm distribution of collision times). We do not include such a stochastic temperature thermostat in our
algorithm explicitly, since we have not usd it.

A Parindlo..Rahmantlik e isostress (isopressue€) thermostat [26] cannat be directly included in collision-
driven algorithms, since it implicitly couples the motion of all particles via the deformation of the unit cell
and thus destroys the asyndironous e ¢ iengy of collision-driven approaches Such a thermostat is often
neeced, even for hard particles, in simulations of crystal phasesin order to keep the internal stress tensor
isotropic and to allow for changes of the crystal unit cell. We have usel constart shea boundary deforma-
tions, as descibed in Sectin 2.3.1, to implemen a partial isogress thermostat in which the shea rate is
periodically updated to re”’ect the asymmetry of the stress tensa. This approach has had a mixed success
and additional work is required to improve it, especally for anisotropic systens of (asphericd) particles
[15]

3. Speeding up the seart for neighbors

Identifying the near-neighbors of a given particle has the most important impact on e ci ency in almost
all simulations of particle systems particularly when the interparticle interactions are short-range. In both
MC and TDM D algorithms it isimportant to quickly identify only the particles that are within the inter-
action cuto distancel.y, (heredistanceis measued in the metric appropriate for the interaction) from a
given particle and only evaluate the force or interaction energ/ with these particles Since the number of
such nea neighborsis typically a smdl constart (of the order of 5...Q, strongly increasing with increasing
dimensionality d), thisensuresthat the computational e ort needel to evaluate theforces on the particles or
potential energy scaks linearly with the number of particles N, as opposed to the quadratic complexity of
chedking all pairs of particles. In EDM D algorithms, it is useles to predict collisions between all pairs of
particles since only nearby particlesare actually likely to collide, and in fact N log N scaling can be obtained
in EDM D by only predicting collisions between a given particle and a bounded (smal) number of near
neighbors.

In this secton, we descibe the traditional cel method for speedirg up neighbor search and its imple-
mentation for lattice-basel boundaries. We then propose a novel method basel on the familiar concept
of near-neighbor lists, which 0 ers signi“cant computational savings over the pure cel method for very
aspheical particles as demaonstrated numerically in the secand part of this seiies of papers.

3 Equipartitio n of energ is usually maintained by the collision dynamics, and therefore we usually do not use a di erent scaling for
the angular velocities.
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3.1 The cel method

Onetraditional method for neighbar seard in particle sysemsisthe so-cdled cel method(see for exam-
ple [3]). It conskts of partitionin g the simulation domain into N disjoint cells and maintaining for ead cell
a list of all the particles whose centroids are within it (seeFig. 2). Then, for a given particlei, only the par-
ticlesj in the neighboring cels (including periodic images of cellg of i s cel are consideed neighbors of
particle i. The shape of the cels can be chosen arbitrarily, so long as the union of all cells covers the whole
simulation domain, and so long as for any given cell c one can (easily) identify all neigtbor cells ¢, that con-
tain a point within Euclidean distancelc,, from a point in c. This enables a rigorousidenti“ cation of all
particles whose centroid s are within a given cuto distance from the centroid of a given particle. The essen
tial aspet of the cel method isthat the partitioning into cellsisindependert of the motion of the particles,
so that even asthe particles move one can continueto rely on using the cellsto rigorously identify neighbors
in constart time. Thisis a unique and necesary strength of the cel method, and all of our simulations use
the cel method in some form, to ensure corredness while maintaining e c iency.

For maximal e ciency, it seens that it is beg to choose the cels as smal as possilde, but ensuiing that
only cellswhich actually share a boundary (i.e., are adjacent) neal to be consideed as neighbors. While this
isobvious for MC or TDM D simulations, it is not so obvious for EDMD . For event-driven algorithms, it
can betheoretically predicted and veri“ed computationally that it isbeg to choosethe number of cellsto be
of the order of the number of particles [30], and computational expeiments sugges that there should be
about one particle per cel. For moderately to very dens sysems one should therefore choose the cels
so that the maximal Euclidean distance betwea two pointsin the sane cel, L, is as close to the largest
encloshg sphere diameter D, as possible

Lo %8P FDpmax:

We have veri“ ed this choice to be optimal in our extersive computational expelience and consistenty try to
maximize the number of cellsin all our simulations.

We notethat in some simulationsthe shape of the particles changes For examge, the Lubachevsky.. 8-
linger algorithm [20] generates dense packings of particles by performing an EDM D simulation while the

[/
@ <

Fig. 2. Thecel method A smal disk packing and the associatel grid of cells to be usel in searchirg for possibly overlapping particles.
Dark-shaded disks are original particles and light-shaded ones are images.
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particles expand uniformly (for exampe, for spheresthe radius O changeslinearly with time with a constant
expansion rate ¢, O(t) = O + ct). In such cases one must ensule that a sphere of diameter Do« Can always
enclos any of the particlesin the sydem. A suitable value for D,ax Can befound, for example, by assuming
that the “n al packing is the dense$ possible (or “ll s spae completely if an exad resuk for the maximal
densty is not known). It is also important to note that it is somdimes needel to “n d all particles whose
centroids are within a distance larger then D45 from the centroid of a given particle. Thisis not a problem
for the cel method, as one can simply include as many additional cellsin the seart as needed to guarantee
that the seard isrigorous. For examde, one may nee to include neighbor cels of the neighbar cells (i.e.,
secord-neighbor cels).

The ned to adjust the partitioni ng of Euclidian spae into cellsto the shape of the simulation domain is
the most di cul t aspe¢ of using the cell-method. Most simulations in the literature have been done with
spheiica particles and in cubic simulation domains, and the partitionin g of the simulation domain is a sim-
ple Cartesian grid (mesh of cells where eac cel is a cube (thisis probably an optimal shgpe of the cells).
For other boundary shapes one has two options:

1. Continue using a partitioning of Euclidean spac that isindependent of the shape of the boundary. This
would likely involve enclosng the simulation domain with a cube and then partitioni ng the cube into
cells (some cells would be outside the domain and thus wasted). It is even possibleto usethe cel method
with an in“ni te simulation domain if hashing techniques are employed [22]

2. Use a cel shape that conformsto the shgpe of the boundary in some simple way. The shgoe of the cels
will thus change if the boundary deforms during the simulation.

Both options have their pros and cons. It may not be possilde to use the secord one for very complex
boundary shapesWe have used the “rst approach to generat packings of ellipsoidsin a spherical container
(uselul in comparing with expetimenta resuts), by enclosing the sphelical container in a cube and parti-
tioning that cube into cells However, for lattice-base&l boundaries, we have chosen to use a partiti oning
of the unit cel into a possibly non-orthogonal Cartesan grid that conforms to the shape of the unit cell.
Thisisillustrated in two dimensionsin Fig. é The unit cel is partitioned into Nﬁc" slabs along each dimen-
sionk =1,...,d, to obtain a total of N. % * &, N> identical and consecutivey (“rst ann%Cdimension 1,
then along dimension 2, etc) numbered parallelepiped cels. We typically maximize Nkp along each

Fig. 3. The partitio ning of a lattice-based simulation box into cells (dark lines). The Cartesian grid of cells deformsin unison with the
lattice, asillustrated by a snapshda of the box and its partitio ning at a latter time. Particles also move together with the lattice, even if
they are at eeresteev = 0, as shown for an ellipsoid in the (1,3) cell.
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dimension such that the distance betwean the two parallel faces of the cells along any dimension is larger
then the extert of the largest particle, L. = mingLy < Dnax. Operationsin the cel method for lattice-based
boundaries basially remain operations on Cartedan grids, just asif the simulation domain had been cubic.
Notethat ead cel has 3 neighbors (including itself), which isonly 9in two, but 27 in three dimensions. As
noted earlier, sometimes more then 3 slabs may neal to be checkel along certain dimensions, depending on
the Euclidean cuto distance for the neighbor search For completely periodic boundary conditions, there
are other schemse for partitioning into cels which preseve the orthogonality and compadness of the unit
cell [4], by using alternative choices of the simulation domain. In simulations where the lattice deforms by
large amounts, one can alternatively periodically recompute a well-conditioned basis for the lattice and re-
start the simulation with a new choice of lattice vectors.

3.1.1 The cell mehod in EDMD

It is useful to brie”y sketch the basic ideas of how the cell method is integrated in eventdriven algo-
rithms. The cel partitioni ng is usel to spea up the prediction of the next evert to happen. This event
may be a bounday event which can be a collision of a particle with a hard-wall, or a particle leaving
the unit cel in a periodic sysem. The event may also be a binary collision, and ead particl e predicts col-
lisions only with the particles in the (“rst) neighboring cels of its current cel. It is clea that a binary col-
lision cannat occur with a particle not in a neighboring cel until the particle leaves its current cell.
Therefore, a boundary event may be a transfer, where a particle s centroid leaves its current cel and goes
into another cell. The algorithm predicts and processes transfers in time order with the other evens.

Wheneve a particle undergoes a transfer, it must corred its event prediction. In particular, it must pre-
dict binary collisions with all the particles in the newneighbor cells If one maintains separdely the predic-
tion for the next boundary andthe next binary collision, then upon a transfer one can reuse the old binary
collision prediction and only calcuate the collision time with particles in the neighbar cells which were not
checkel earlier [30] This cutsthe number of neighbor cellsto procesfrom 3%to 3% *, which can save up to
2/3 in computational e ort in three dimensions. In our algorithm we originally maintained the binary col-
lision prediction separdely and reusa it whenever possible, howewer since the neighbor-list method
descrbed next is usualy superior in practice we no longer try to reuse previous binary collisions.

3.2. The near-neidpbor list method

The cel method isthe method used in all EDM D algorithms that we are aware of. An exception is the
algorithm of [14], but this algorithm israther di erent from the classical EDM D algorithms (and from our
algorithm) in more than thisrespect Thereis a preference for the cel method in EDM D becau it isvery
eay to incorporate it into the algorithm, while still maintaining a rigorously provable corred exeation of
the event sequencegiven su ¢ ient numericd precision. For mondispersedequd) spheiica particles, par-
ticularly at moderate densities the cel method istruly the beg approach. However, for aspheical particles
whose asped ratio isfar from 1, the cel method becomesine cient. Thisis becaug one cannot choose the
cells smal enough to ensuie an average of about 1 particle per cell. Instead, due to the large D .y, there
neea to be very few (large) cels which contain many particles and so littl e computational e ort is saved
by using the cells The sanmeistrue even for spheres when large polydispersity is presert since the cels need
to be at lead as large as the largest sphere in the system and therefore there can be many smal spheres
inside one cel. A more complicated hierarchicd cel structure (quadtree or octre€ can be usel for very
polydisperse padckings, but such an approach does not directly generdize to non-spheiical particles.

In TDMD , a more widely used neighbor seard method isthe method of nearneighba lists (NN Ls) (see
for examde[3]). In thismethod, ead particle hasalist of itsnea neighbors, i.e., particleswhich arein close
proximity (for example within the cuto for the interaction potential). As the particles move around the
lists need to be updated, and thisis often done heuristically. Since the particles displace litt e from time step
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to time step in TDMD , the lists neal to be updated only after many time steps (espeially for dense sys-
tems) NNL s are not easy to use within EDM D becaus of the necessiy to ensure correctnes of the algo-
rithm rigorously. If the order of evensisnot predicted corredly, the algorithm will typically fail with error
condition s such as endles collision cycles between seveal particles. However, it is easily recogrized that in
order to e cie ntly treat non-spherical particles it is necessay to combine neighbor lists with the cel meth-
od. We now describe how this can be accomgished while maintaining a provably corred prediction of the
collision sequence.

The main drawback of the cel method is that the shape of the cells is not adjusted to the shape of the
particles for examge, elongated or squashe particles, but cubic cels. The main advantage, on the other
hand, is that the partiti oning into cells is static and indeperdent of the motion of the particles To correct
for the drawbadk, we must compromise on the advantage: The partitioning into escells* must be updated
from time to time to re”ect the motion of the particles if we are to have any hope of having cells which
takeinto acmount the shape of the particles. Theidea isthe following: Surround ead particle i with a bound-
ing neiglborhoodN &R so that the particle is completely inside its bounding neighborhood, and the shape
of the neighborhood is in some seng sengtive to the position and shape of the particle (for examge, it
should be elongaed approximately along the same direction as the ellipsoid). Then, consider any two par-
ticles whose neighborhoods overlap to be near neighbors, and only calculate interaction potentials or check
for collisions between sud pairs. Each particle then stores a list of interadionsin its near-neighbor list
NNL( i), which is equivalent to ead bounding neighborhood storing a list of neighborhoods with which
it overlaps. Thisisillustrated for disks by using disks as the bounding neighborhoods in Fig. 4. Note that
the cel method, as describal earlier, must be used when (re-)building the NNLs, since overlap between
neighborhoods cannat be checkel e ¢ iently otherwise Building and maintaining the NNL s is expensve
and dominates the computation for very agpherica particles. Finally, we note that the choice of the shape
of the bounding neighborhoods and the exad way one constructsthe NNL sissomewvhat of a design choice.
Thenecesary invariant isthat ead particle be completely contained inside its bounding neighborhood and
that there be an interaction in the NNL s for ead pair of overlapping neighborhoods.

In this paper, we descrite a speci“c conceptudly simple approach which applies to hard particles of any
shape and has worked well in practice. In our algorithm, the shape of N dbis the sameas the shape of par-
ticle i, but scakd uniformly with some scaling factor | neigh > 1. Additio nally, N dPhasthe same centroid as
i, at lead at theinstant in time when NN L (i) is constructed (after which the particle may displace) Thisis
illustrated for ellipsesin Fig. 4. One wantsto have the bounding neighborhood N dbas large as possibke so
that there ismore room for the particle i to move without the nedd to rebuild its NNL . However, the larger
the neighborhood, the more neighbors there will beto examne. The optimal balance as detemined by the
choice of | eign isstudied numerically in the secord part of this series of papers It isimportant to note that
it would most likely be better to consider N dbto be the se of all points that are within a given distance
from the surface of particle i, especally for very non-spheiical particles. Thisis beause scaling a very elon-
gated particle by a given factor | produces unnecessariy long neighborhoods, which increases the cost of
using the cel method to construct the neighbor lists. However, evaluating point-to -surface or suface-to-
surface distances is quite non-trivial even for ellipsoids, and also the geomerical reasonng is obscured.
On the other hand, using a bounding neighborhood which has the same shape as the particle is very intu-
itive and also e ¢ ient for ellipsoids, as we show in the secord pape in this seiies.

3.2.1 The NNL method in EDMD

Once the NNL s are built, one no longer needs to use the cel method, so long as all particles are still
comgetely contained within their bounding neighborhoods. As time progressesa particle may protrude
outside its neighborhood, and in this case the NNL s need to be updated acardingly, using the fail- safe cell
method. Details of this update will be given later. Therefore, when using NNLs, instead of transfers, an-
other kind of event neadsto beincluded: a «scollisiorss with its bounding neighborhood. When using NNLs,
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Fig. 4. lllustrati on of NNL sfor a system of disks (top) and ellipses (bottom). Particles are darker, and their bounding neighborhoods
are lighter (it is eay to see which neighborhood goes with which particle). For disks the systan is binary (bidispersg, and the

neighborhoods are disks and the pairs of near-neigtbors are shown as dark lines. For ellipsesthe neighborhoods are ellipses themselves
and theinteractions are shown as dark triangles whose vertices are given by the centroids of the two ellipses and the point of contact of

the ellipses.

transfers do not neeal to be handled at all. Namely, instead of using the cel method for the particles them-
selvesit should be used on the bounding neighborhoods. Each cel keeps a list of the bounding neighbor-
hoods whose centroids it contains. Hard-walls are handled by including hard walls as neighbors in the
NNL s of the particles whose bounding neighborhoods intersed a hard wall. At presert we do not try to
reuse any previous binary collisions when rebuilding neighbar lists because dealing with such reusisrather
complicated.

An additional complication when using NNL s arises when the boundary is deforming. Since in our
approach all positional coordinates are expresed in relation to the (possbly deforming) lattice, the neigh-
borhoods are not stationary but move together with the boundary. This may lead to originally disjoint
neighborhoods overlapping later on. In order to ensute correctness of the neighbor seard in suc cases,
one can add a eesafey cushion= around eadt bounding neighborhood N dk Speci“cdly, two particles
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are to be consideed neighborsif their bounding neighborhoods overlap when scalal by a common scaling
factor 1+ , where > Oistherelative size of the safety cushion. The NNL sneal to berebuilt completely
whenever the boundary deformation becomes too large, becau® of the possibility of new neighborhood
overlap. I n this context, a measue of how much the boundary has deformed is given by the relative amount
that Euclidean distances have changed due to the boundary deformation.

Consider a periodic systan and two points with relative displacemet r, measued in lattice vectors. The
Euclidean distance between them is 12 = r'Gr, where G = K'K isa metric tensa. At alater time Dt, the dis-
tance changesand thelargest relative contraction in Euclidean distance between any two pointsis given by:

2 T
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where rg = Kr and Kk, denotes the minimal eigenvalue of a symmetric matrix. Therefore, the Euclidean
distance between the centroids of two neighborhoods would not have contracted by more then a factor
of kmin [(I + Dt)?]. In light of this observaion, a reasmable heuristic approac is to periodically check
the magnitude of the smalles eigenalue of (I + Dt)? and rebuild the NNL s completely whenever it devi-
ates from unity by morethen a few (as determined heuristically via expeiimentation) multiples of . Since
it isreasmable to assume that the boundary deforms slowly compared to the particles, these kinds of up-
dates will happen infrequenty. This approach seens to work well in practice In EDM D a rigorous
approach is also possible, by predicting the “rst instance in time when two non-overapping bounding
neighborhoods “rst overlap, and including this as a specal event in the evert queue When this event is
at thetop of the queue, the simulation is essetially restarted from the current point in time. However, such
an approach does not work in TDM D, and we have not found the practical neel for such a complicated
schene either.

3.3. Very aspheical particles

Using the traditional cel method when rebuilding the NN Ls is the computational bottlened for very
aspheical particles, asdemondrated in the secord paper of this series To really obtain a fast yet rigorously
corred eventdriven algorithm for very aspheica particles the traditional cel method needs to be either
abandoned or modi“ed. It is clea that any neighbor seard mechansm which only uses the centroids can-
not be e cie nt. Although in asensg5] studiestheworst cazof a! 1 (needes and similarly for platelets),
it does not mention any additional techniques to handle the fact that as many as 50 needles can be in one
cel in the reported simulations. This is probably becaus at that time only smdl systens (N = 100...500)
could be studied, for which the cel method does not o er big savings even for spheres.

The approach we have implemented isto use sevenl spheresto bound ead particle, instead of just one
large bounding sphere We will refer to this collection of bounding spheres as the boundng sphee complex
(BSC). For the purposes of neighbor search we still continueto usethe cel method, however we usethe cell
method on the collection of bounding spheres not on the particles themselves. That is, we bin all of the
bounding spheres in the cells and the minimal Euclidian length of a cel is at leag as large as the largest
diameter of a bounding sphere By increasing the number of bounding spheres per particle one can make
the cells smaller. When searcling for the neighbors of a given particle, one looks at all of its bounding
spheres and their neighboring bounding spheres, and then chedks whether the particles themselve are
neighbors. This slightly complicates the seard for neighbors, but the seard can be optimized so that a gi-
ven pair of particlesisonly cheded once rather then being checled for evely pair of bounding spheres that
they may share It is hard to maintain the binning of the bounding spheresin cels as particles move. It is
therefore essehial to combine using BSCs with using NNLs. Each bounding neighborhood N dbis
bounded by BSC(), that is, N dbis completely contained in the union of the bounding spheresin BSC(i).
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Thebinning of the bounding spheresis only updated when NNL( i) isupdated, and particlei isfreeto move
insideN dbwithout possikility of overlapping with a particle not in NNL( i). Using BSCsin two dimensions
isillustrated in Fig. 5.

In our implementation, we use relative positions and radii for the spheresin BSC(i), expresed in a coor-
dinate system in which particle i sorientation isaligned with the global coordinate systen and the radius of
its bounding sphere is unity. This enables us to not have to update the above quantities as the particle
moves and changes shape and also to share them between particles of identica shapes using pointers.
When updating N dR we can easily calculate the absolute (Euclidian) positions and radii of the bounding
spheres from the relative ones.

In two dimensions, for very elongaed objeds, it isrelatively eas/ to construct bounding complexes how-
eva thisisnot so eay in three dimensions, even though there are general methods (taken from computa-
tional geomdry) for “ndin g a good approximation to a particle shape with a few spheres[13] We expect
that there will be an optimal number of spheresNg to use, this number increasing as the aspet ratio in-
crea®s, howewer it is not clea how to construct optimal BSCs The approach we have implemerted is
to “rst bound ead ellipse or ellipsoid in an orthogonal parallelepiped (rectangle in two dimensions),
and then use a subsd of a simple cubic lattice cover (a collection of identical spheres whose union covers
all of Euclidian spacé to bound (cover the orthogonal parallelepiped. This kind of approach is far from
optimal (for examgde, the lowed density sphere cover in three dimensionsis given by a body-certered lattice
of spheres), but it is very simple and works relatively well for su c iently aspheical particles. Thisisillus-
trated in three dimensionsfor prolate and oblate ellipsoidsin Fig. 6. As can be sea from the “gure, it seems
hard, if not impossilde, to construct BSCs with few smal spheresfor "at (oblate) particles. Futur e reseach
is needal to “nd a way to spea neighbor seart for very oblate particles, and a promising direction to
investigate is hierarchica bounding sphere complexes In the secord paper in this selies we demongrate
that using BSCs in conjunction with NN Ls signi“cantly improve the speeal of the EDMD algorithm for

Fig. 5. A smal periodic packing of ellipses of asped¢ ratio a = 10 illustratin g the use of bounding sphere complexes Each patrticle i
(darkeg shadg is bounded by its neighborhood (lighter shade)N dk which is itself bounded by a collection of 10 disks BSC(). A
bounding neighborhood N d Pmay overlap with N @bif some of the bounding disks of particlesj and i overlap. Thereforethe usud cell
grid (also shown) can be usel in the seart for neighbors to add to NNL( i). Image particles are shown in a lighter shade.
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Fig. 6. Bounding sphere complexes for spheroids of aspedt ratio a= 5. The prolate particle has “v e bounding spheres but the oblate
one has 25 bounding spheres.

very elongaed (prolate) particles. Note that using a large number of smal bounding spheres (for very
aspheical particleg requires a signi“cant increase in the number of cells and to save memary hashing
may neel to be used when manipulating the cel partitioning [25]

4. EDMD algorithm

In this secton, we descrbe our EDM D algorithm in signi“cant detail, in the hope that this will prove
very usefd to other reseachers implementing similar methods. Starting from a brief history of the main
ideas usdl in the algorithm and a descrption of the basic notation, we proceal to give detailed descrptions
of ead step in the algorithm in the form of pseudo-cods. We “rst explain thetop levd event loop and its
mogt involved step of predicting the impending evert for a given particle. We then focus on binary colli-
sions and boundary evenst separately and “n ally describe algorithms for maintaining NNL sin a dynamic
environment. Some of the steps of the algorithm, sudc as predicting the time of collision of two particles or
processing a binary collision, depend on the particular particle shape in quesion and are illustrated spect-
ically for ellipsoids in the secord part of this series of papers.

4.1 History

We brie”y summarize some of the previouswork on EDM D algorithms. Alt hough this has been done in
other publications, we fed indebted to many authors whose ideas we have used and combined to produce
our algorithm, and would lik e to acknowledge them.

Thevery “rst MD simulation usel an event-driven algorithm [1], and since those early attemptsthe core
of an e c ient EDM D algorithm for spherical particles, entailing a combination of delayed updates for the
particles the cel method and using a priority queuefor the evens, has been developed[7,27]. Our approach
borrows heaviy from the EDM D algorithm developed by Lubachevsky [19]. We do not use a double-
bu ering technique as does Lubachevsky, following [16], and incorporate additional techniques developed
by other authors.

One of the controversial quesionsin the history of EDM D is how many evert predictions to retain for
ead particlei? As[16] demonstrates, it is bed to use a hegp (complete binary seart tree) for the priority
evert queue and we follow this approach. It seens clea that only the impending prediction for each
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particle should be put in the evert queue (i.e., the size of the hego isequd to N), but this prediction may be
invalidated later (dueto athird-party event, for examge). In such casesit may be possiblke to reuse some of
the other previously predicted binary collisions for i, for examgde, the one schedul& with the secord-small-
ed time [29,23] This requires additional memary for storing more predictions per particle and adds com-
plexity to the algorithm. We have adapted the concluson of [30]that this complexity is not justi“ed from an
e cie ncy standpant. Ref. [23] makes the important observaion that after a transfer fewer cels neal to be
checkal for collisions. The authors of [30]thus predic and store separdely the next binary collision and the
next transfer for ead particle, and only inset the one with the smalle time into the event heap. Mor e exo-
tic EDMD algorithms, for examde, aimed at increased simplicity or ea® of vectorization [14], have been
developed We build on these previous developments and combine neighbor-list techniques traditionally
used in TDM D to develg a novel EDM D algorithm speci“cally tailored to sygems of non-spheiica par-
ticles at relatively high densities.

4.2. Notation

As explained above the EDM D algorithm consists of procesing a sequence of time-orderel events.
Each particle must store some basic information needel to predid and proces the events An event(te,pe)
is speci‘ed by giving the predicted time of occurrencet, and the partner p.. A specal type of an evert isa
binary collision [tc,(peVe)], determined by specfying the time of collision t. Z t, and the partner in the event
(Pe Z PeVe). The primary use of the image (virtual) identi“er v, is to distinguish betwea images of a given
particle when periodic boundary conditions are used Note that the collision schediesmust be kept sym-
metric at all times, that is, if particle i has an impending event with (j,v), then particle ] must have an
impending evert with (i, v). Although the cel a particle belongs to can be detemined from the position
of its centroid, thisis di cul t to do exactly when a particle is near the boundary of a cel due to roundo
errors (possibk trick s to avoid such problems include adding a cushion around ead cel and not consid-
ering a transfer until the particle is su c iently outside the cell [16]). We have chosen to explicitly store
and maintain the cel that a particle, a bounding neighborhood of a particle, or a bounding sphere belongs
to (as determined by the corresponding centroid).

In summary, for eat particle i = 1,...,N, we store:

1. The predicted impendirg event(te,peVe) along with any other information which can help process the
event or collision more e cie ntly should it actually happen later.

2. The lagt update time t.

3. The state of the particle at time t, including:

(&) Its con“guration, including the relative position of the centroid r and any additional con” guration
(such as orientation) g, as well as the particle shape(sudch as radius, semaxes etc.) O. Note that
O may be sharad among many particles using pointers (for example, all particles have the same
shape4at all timesin a monodisperse packing) and thus not be updated to time t but still be at time
zero.

(b) The particle motion, including the relative velodty of the centroid v¥r and additional (such as
angular) velodty x represeting g. Also included in the motion isthe rate of deformation of the par-
ticle shapeC (possibly shared among di erert particles).

(c) The particle cell ¢, to which r belongs if not using NNLs.

4 We have implemented a di erent approach for systens with a few types of particles (monodispers, bidisperse, etc.), for which we
store the particle shape informatio n separatey from the particles and share it among them, and polydispers systens in which each
particle has a (potentially) di erent shape for which we store the particle shape together with the reg of the particle state.
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4. Dynamical parameters such as particle mass or momen of inertia (possble shared with other particles).
5. If using NNLs, the con“guration of the (immobile) bounding neighborhood N db ry and qy, its shape
On, as well as the cell ¢ to which ry belongs.
6. If using BSCs in addition to NNLs:
(@) Therelative positions rEs and relative radii OjBS,j = 1,...,Ngg, of its Ngs bounding spheres, along with
the largest BSradius OJE;:;X Yamax OJ.BS. These are expresedrelative to the position and sizeof N dk
(b) The cell ¢?® that rP® belongs to, j = 1,...,Ngs.
For ead of thes quantities, we will usually explicitly indicate the particle to which they pertain, for
examge, t(i) will denote the time of particle i.

4.2.1 Evert iderti“ers

Each particle must predict its impending event and there are seveal di erent basic types of evens.
binary collisions (the primary type of event), wall collisions (i.e., collisions with a boundary of the sim-
ulation domain), collisions with a bounding neighborhood (i.e., a particle leaving the interior of its
bounding neighborhood), transfers (between cells) and chedks (re-predicting the impending event).
Additionally, severl dierent types of chedks can be distinguished depending on why a chedk was re-
quired and whether the motion of the particle changed (in which cas old predictions are invalid) or
not (in which old predictions may be reused. We conside transfers and wall collisions together as
bounday events (or boundary eecolisionses) since their prediction and processimg is very similar (espe-
cially for periodic BCs). The exad cel wall through which the particle exits the (unit) cell, or the wall
with which the particle collides is identi“ed with an integer w, which is negaive if the event is with a
wall of the unit cel (boundary).

In our implementation, the type of a predicted evert for a particle i is distinguished baseal on the event
partner p (possibly including an image identi“er v):

06 p6 N A binary collision between particlesi and (p,v), wherev is the virtual identi“er of the partner.
p= 1 A chedk (update) after an evert occurred that did not alter the motion of i.

p> 2N Transfer between cels, i.e., *scdlisiones with wall w=p 2N, w> 0.

p< 2N Wall collision with wall w= p+ 2N, w< 0, which can be a rea hard wall or the boundary of the
unit cel.

N < p6 2N Ched after binary collision with partner (j, v), wherej=p N (the motion of particlei has
changed).

p = 0 Ched for particle i after an evert ocaurred which altered the motion of i.

p=1 Collison with the bounding neighborhood N dbk

Therange 2N 6 p< O isreserval for future (parallel implemertation) uses Of course one can also
store the partner as two integers one indicating the type of event and the other identifying the partner,
howewer the above approach saves space.

4.3. Procesing the current event

Algorithm 1 represent the main evert loop in the EDM D algorithm, which processes events one after
the other in the order they occur and advances the global time t acoordingly. It uses a collection of other
auxiliary steps the algorithms of which are given in what follows. Not e that when procesing the collision
of particle i with particle (j,v), we also update particlej, and later, when processimg the same collision but as
a collision of j and (i, V), we skip the update. Also, note that when using NNLs, there are two options:
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Completely rebuild the NNL s as soon as some particle i collides with its neighborhood, or, rebuild only the
neighbor list NNL( i). We discuss the advantages and disadvantages of eat approach and compare their
practical performance in the secord paper in this series.

Algorithm 1. Proces the next evert in the evert heap.

1. Delete (pop) thetop of theevert queue (heap) to “n d thenext particle i to have an evert with pg(i) at tg(i).
2. Perform global cheds to ensute the validity of the event prediction.
For exampk:
(a) If the boundary is deforming, and if at time tg(i) the cel length L. is not larger then the largest
enclosng sphere diameter D ax, L [te(i)] 6 Dmaxte(i)], then regart the simulation:
i. Synchronize all particles (Algorithm 2).
ii. Repartition the simulation box to increase the length L. (for examge, for lattice boundaries,
increase the appropriate NECD).
iii. Re-bin the particles into the new cells basal on the positions of their centroids.
iv. Rest the evert schalule (Algorithm 3).
v. Go back to step 1.
(b) If using NNL s and the NNL s are no longer valid (for examge, due to boundary deformation),
then:
i. Synchronize all particles.
ii. Rebuild the NNL s (Algorith m 8).
iii. Rest the event schalule.
iv. Go badck to step 1.
3. If the boundary is deforming, update its shape. For examgde, for lattice-basal boundaries set
K Kp Kitedb t.
. Advance the global simulation time t  tg(i).
. If the evert to procesis not a chedk after a binary collision, then update the con“guratio n of particle i
to time t (for examgde, r(i) r(i) + [t t(i)]v), and sett(i) t.
6. If using NNL s and evert is a collision with a bounding neighborhood, then:
(a) If completely rebuilding NNLs, then declae NNL s invalid and execut step 2b.
(b) Else record a snapsot of the current shape of particle i (recall that this may be shared with other
particleg in O; and rebuild the NN L of particle i (Algorithm 9).
7. If the evert is a wall collision or cel transfer, then:
(@) If pi) <Othen setw pg(i) 2N (transfer).
(b) Elsesetw  pe(i) + 2N (wall collision).
(c) Proces the boundary evert with sswdlss w (Algorithm 7).
8. If the evert is a binary collision, then:
(a) Update the con“gurati on of particle j = pg(i) to time t and sett(j) tandpe(j) N+i(markijs
event as a check).
(b) Proces the binary collision between i and j (see speci“c algorithm for ellipsoids in secord paper in
this selies).
9. Predict the next collision and evert for particle i (Algorithm 4).
10. Insert particlei badck into the evert hegp with key tg(i).
11 Terminate the simulation or go back to step 1.

(2l

Becaug EDMD is asynchraous, it is often necesary to bring all the particles to the same point in
time (synchronize) and obtain a sngpshat of the systean at the current time t. Thisis done with Al gorithm
2. Note that we resd the time to t = 0 after such a synchronization step. Another stegp which appears
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frequertly isto resa all the future evert predictions and start afresh, typically after a synchronization. In
particular, this needs to be done when initializing the algorithm. The steps to do this are outlined in
Algorithm 3.

Algorithm 2. Synchronize all particles to the current simulation time t.

1. If t= 0 then return.

2. For all particlesi = 1,...,N do:
(a) Update the con“guration of particlei to time t.
(b) Settg(i) te(i) t,te(i) to(i) tandt(i) O.

3. Update the shapes of all particles to time t.

4. Storethetotal elapsed time T T+t and sett 0.

Algorithm 3. Reset the schedule of evens.

1. Resd the evert heap to empty
2. For all particlesi =1,...,N do:
(8) Setpg(i).pc(i) 0 andtgi)t(i) 0.
(b) Insert particle i into the event hegp with key tg(i).

4.4. Prediding the next event

The most important and most involved step in the evert loop is predicting the next evert to happen to a
given particle, possilly right after another event hasbeen procesed. Al gorith m 4 outlinesthis proces. Note
that it islikely possibleto further exterd and improvethisparticular step by better separding motion-altering
from motion-preserving evens and improving the reuse of previous event predictions.

Algorithm 4. Predict the next binary collision and evert for particle i, after an evert involving i happenel.

1. If not using NNLs, then:

(@ Initialize t, 1 andt, 1 andsetw O.

(b) Predid thenext boundary evert (wall collision or transfer) time t,, and partner sewdleew for particle i,
if any, by looking at all of the boundaries of c(i) (Algorithm 6). If an exact prediction could not be
made (for exame, if a hard wall wasinvolved and the seard was terminated prematurely), calcuate
atime t,, up to which a boundary evern is guaranteed not to happen and setw 0.

(c) If w=0, then force a check at time ty, pe(i) 1 andtdb t,

(d) else predict tg(i) t,, and:

i. If w<Othen setpg(i) w 2N,
ii. elesetpsi) w+ 2N.

(d) If a hard-wall prediction was made, store any necesary information needel to proces the collision
moree c iently later (for exanple, storek in the cas of ellipsoids, as explained in the secord paper in
this series).

(f) For all particles (j,v) in the céllsin the “rst neighborhood of c(i), execue step 4,

2. elsif using NNLs, then:

(a) Predid thetime ty particlei will protrude outside of (collide with) its bounding neighborhood N ab
limitin g the length of the seard interval to te(i). If an exad prediction isnot possible calcuate atime
ty before which i is completely contained in N ak

(b) If ty was calculated and ty < tg(i), then record:

i. Setpg(i) 1 andtdi) tn.
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ii. Potentially store any additional information about this collision for particle i,

(c) elsif ty wascalcuated andty < te.dbthen force a new prediction for particlei at time ty, pe(i) 1
and t(i) .

(d) For all hard walls win NNL( i), predict the time of collision t,,. If an exact prediction could not be
made calculate a time t,,up to which the collision is guaranteel not to happen.

(e) If t,, was calculated and t,, < tg(i), then record:

i. Settg(i) tyandpgi) w 2N.
ii. Potentially store any necesary information neecded to proces the wall collision more e cie ntly
later,

(f) elsif t, was calcuated and t;, < t.dB then force a check pg(i) 1 andtdb t.

(g) For all particles (j,v) in NNL (i), execut step 4,

3. Skip step 4.
4. Predict the time of collision between particlesi and (j,v):

(@) Predict if i and (j,v) will collide during a timeinterval of length min[tg(i),te(j)] and if yes calculate the
time of collision t¢, or calcuate a time t. < t. before which a collision will not happen (see speci“c
algorithm for ellipsoids in the secord paper in this series).

(b) If tc was calcuated and t. < min[tg(i),t<(j)], then record this collision asthe next predicted binary col-
lision for particle i:

i. Setpe(i) j, v(i) vandtgi) t.
ii. Potentially store any additional information about this collision for particle i (for examgde, k in
the case of ellipsoids),

(c) el=if t, was calcuated and t; < t.dbthen force a new prediction for particlei at timeft, pe(i) 1
and t.db  t..

5. 1f 0< pgi) 6 N then let j = p(i) (a new collision partner was found), and:

(a) If theinvolved third-party m= pg(j) isarea particle, 0< m6 N and m#&.i, then invalidate the third
party collision prediction, pg(m) 1

(b) Ensure that the collision predictions are symmetric by settingpe(j) 1, v(j) = W(i) and te(j)  tefi).
Also copy any additional information about the predicted collision to particle j aswell (in the cas of
ellipsoids this involves storing (1 k) for particle j).

() Update the key of j in the evert heap to tg(j).

4.5. Binary collisions

Thetwo main stepsin deaing with binary collisionsis predicting them and procesing them. Procesgng a
collision is inherertly tied to the shgpe of the particle. We give a genert speci“cation of how to predict
binary collisions between particles in Algorithm 5, and a speci‘c implementation for ellipsoids is given
in the secord part of this series of papers.

Algorithm 5. Predid the (“rst) time of collision between particlesi and (j,v), t.. If prediction canna be
veri“ed, return a time t; before which a collision will not happen. Possibly also return additional
information about the collision.

1. Convert v into a virtual displacemert of particle j in terms of unit cels, Dernc, as discussdl in
Secton 2.3.
2. Calculatethe current con“guration of the particlesi and j, for examgde, the positions of their centroids,
ri  rdbp % tdby
. rgbp % tgby p Drj;
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and their current orientations for non-spheiica particles.

3. If the shape of the particles is changing calculate the current shgpe of i and j.

4. Eliminate any further use of relative positions in the procedure by calcuating the current Eucli-
dean positions, velocities and accekrations of the particles using Egs. (4)...(6)and the above r;
and r;.

5. Calcujlate the collision time t; or t; of two moving and possidy deforming particles of the given
initial shapes and con“gurations and initial Euclidean positions, velocities and accelerations, assum-
ing a force-free motion starting at time zero. Optionally colled additional information needel to
process the collision faster if it actually happens See the speci“c algorithm for ellipsoids in the sec-
ond paper in this seiies.

6. Correct the prediction to accourt for the current time, t. tc+tort. t.pt.

4.6. Bourdary events

In this secton, we focus on lattice-basal boundaries and give a prescaiption for predicting and proces
ing boundary evens (transfers and wall collisions).

4.6.1 Prediction

When NNL s are not used, one must ched all the boundaries of the current particle cell ¢(i) and “n d the
“rst timethe particle leaves the cel or collideswith a hard wall, if any. We do not give details for predicting
or procesing hard-wall collisions in this paper. For lattice baseal boundaries, the prediction of the next
boundary event proceed independenty along ead dimension, and then the smalles of the d evert times
is seleted, as illustrated in Algorithm 6.

Algorithm 6. Predict the next wall eventwith espatneree w for particle i moving with relative velodty
v(i) and the time of occurrencet,,, for a lattice-basel bounday. The sign of w detemines the type of
event: w< 0 speci“es that particle i leaves its cell c(i) through one of the cel boundaries, while w< 0
speci“es that the particle collides with one of the hard walls or crosss one of the boundaries of a unit
cell and leaves its bin, for a periodic system The value of jwjdetemines the exad cel boundary or
wall.

1. Convert thecel identi“er 16 c(i) 6 N.into ad-dimensiond vector giving the positions of the cel in the
Cartesian grid of cells 16 g©© 6 n®©.
2. For all dimensions,k = 1,...,d, do:
(a) Predid the time when the particle centroid will cross a wall of ¢(i) along dimension k:
i. If w(i) = [v(i)]x > O (particle will exit on the serighte side of the bin), then
A. Setw, 2k 1)+ 2and
h i.h [
te o NPrap  NRAb:

B. If boundary is periodic along dimension k and gfp Ya NEC", then setwy Wi,
ii. elsif w(i) < 0 (particle will exit on the elete side of the bin), then
A. Setwy, 2k 1 +1,and
h i.h [
tevs N*rap o®p1  NRab:

B. If boundary is periodic along dimension k and gﬁc"% 1, then setwy W,
iii. elesetty, 1 andw, O.
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(b) If boundary is not periodic along dimension k, then also predict the time of collision with the hard
wall boundaries along dimension k, assuning that the particle starts from zero time:

i If g™ 1N predic time of collision with the serights hard wall along dimension k, t™™*. If
t"F< t, then sett, 0™ and w 2k 1)+ 2]

i, If gﬁc"% 1, predict time of collision with the eelete hard wall along dimension k, tf“””. If
t"P< t, then sett, & and wy 2k 1)+ 1].

3. Find the dimension K with the smdlestt, and return t,, = t(i) +tx and w= w.

4.6.2 Processing

Procesang the boundary events amounts to litt le work when the even is a transfer from one cel to an-
other. For periodic BCs, howewer, additional work occurs when the particl e crosss the boundary of the
unit cel (i.e,, the simulation domain), since in this cas it must be translated by a lattice vector in order
to return it back into the unit cell. Considerably more complicated is the processing of collisions with hard
walls, espeially for non-spheiical particles or when the lattice velodty is non-zero, howewver we do not give
the details of these steps in Algorithm 7.

Algorithm 7. Proces the boundary evert (transfer or collision with a hard-wall) of particle i with wall w,
assuming a lattice-basel boundary.

1. From w, “nd the dimension k along which the evert happens and the side ( eelefte or serightes.
2. If thisis a boundary event,w < 0, then:
(a) If the boundary is periodic along k, then:
i. Shift the particle by a unit cell, r (i)  re(i) + 1 if particle is exiting its cel to the right, or
re(i) re(i) 1if exiting to the left.
ii. Letj=p).1f0O<j6 N, correct thevirtual identi“ersfor the predicted collision betweeni and
j» V(i) and v(j), to accourt for the shift in step 2(a)i.
iii. Preterd that thisis a simple transfer, w 2N w,

(b) else processthe collision of the particle with the hard-wall. Thiswill typically involve calcuating the
Euclidean position and velocity of the particle, calcuating the exchange of momentum between the
particle and the wall, calcuating the new Euclidean velocity of the particle VV® (and also x if nec-
essay), convelting back to relative velocity, and updating the velocity v (and x).

3. If thisisatransfer (note step 2(a)iii above),w > 0O, then update the cel of the particle c(i) and move the
particle from the linked list of its previous cel to the list of the new cell.

4.7. Building and Updating the NNLs

In our implemertation, all of the NN Lsareimplemerted as an optimized form of linked lists. Each inter-
action [(j,v),p] in NNL( i) stores the partner (j,v) and a priority p. We usualy prescibe a “ xed upper bound
on the number of neighbors (interactions) N; that a particle can have (this allows usto preallocate all stor-
age and guarantee that additional memary will not be usel unlessreally necesary), which can vary between
particles if necesary. Only the N; interactions with higheg priority are retained in NNL( i). This kind of
NN L can be useal for a variety of tasks including “nd ing the “rst few neares neighbors of any particle.
We allow the NN Lsto asynmetric, i.e., just because particle i interacts with particle (j,k), it is not implied
that particle j interactswith (i, k), but rather, thereverseinteraction must be stored in NNL( j) if needed. In
the particular use of NNL s for neighbar search the priorities are the negative of the sedstances= between
the particles so that only the closestN; particles are retained as neighbors.

There aretwo main ways of updating the NNL s after a particle collideswith its bounding neighborhood.
Oneisto completely update the NNL s of all particles and start afresh and the other oneisto only update
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the NN L of the particlein question. We next discussthesetwo formsof NN L updates,completeand partial,
and compare them practically in the secord paper in thisseriesto concludethat it isin genera preferableto
use partial updates (however, there are situations when it is beg to use complete updates) As explained
earlier, we focus on the cage when the bounding neighborhoods are scakd versions of the particles. In addi-
tion to limiting the number of near-neighbors of any particle to N;, we limit the maximum scaing of the
neighborhood with respet to the particleitself to | ;s P | neign™> 1, @and count as overlapping any neigh-
borhoods which overlap when scalal by an additional factor (1+ ), where | P 0Oisa safey cushion used
when the boundary deforms. Henceforth, denotel o= (1 + ) cuto -

4.7.1 Compkte updakes

A simpler form of updateisafter acomplete reseting of the NN L, i.e., building the NNL sfrom scratc.
Algorithm 8 gives a recipe for this. The aim of the algorithm isto try to make the bounding neighborhoods
have a scak factor of | .o« and add all overlapping neighborhoodsin the NNLs . This will always be pos-
sibleif N; islarge enough. However, we allow oneto limit the number of near neighbors. Thisisusefu when
there is not a good estimae of what a good | o IiS.

The algorithm is signi“cantly more complicated when BSCs are useal since the seart for possibly over-
lapping bounding neighborhoods needs to be done over pairs of bounding spheres To avoid cheking a
given pair of bounding neighborhoods for overlap multipl e times we use an integer mask M (i) for each
particle, which we assune is persisten, i.e., stored for eact particle between updates In our algorithm,
a hard wall can be a neighbar in NNL( i) if N dbis intersect@ by a hard-wall boundary. For simplicity,
we do not preseri pseudo-cock for adding these hard-wall neighbors, howewer it is a straightforward exer-
cise to add these steps to the algorithms below.

Algorithm 8. Comgetely update the near-neighbor lists (NNLs) by rebuilding them from scrach. Assume
all particles have been synchronized to the same point in time.

1. For all particles, i = 1,...,N, resé¢ NNL( i) to an empty list.
2. For all particles, i = 1,...,N, reduce r(i) to the “rst unit cell, and if r(i) is no longer inside c(i), then
removei from the linked list of c(i), update c(i), and insert i in thelist of the new c(i).
3. If using BSCs then initialize the largest (absdute) radius of a bounding spheredO5_p 0, and for all
particles, i = 1,...,N, do:
(@) Se the bounding neighborhood of i to have the sanme centroid, orientation and shape asi but be
scala by a factor | jax rn(i) (i), ga(i)  q(i) and On(i) | maxO().
(b) For all bounding spheres of i, k = 1,...,Ngg(i), do:
i. Remove the sphere from the linked list of cell cBsak
ii. Calculate the new absolute position of its cente and the cel it isin, update cBabaccordingly,
and insett the sphere into the linked list of cZSak
iii. Calculate the absolute radius O of the bounding sphere and setOE>  maxf OE>: OF"g.
(©) Initializethe maskM (i) 0.
4. elelet O | ..f maxB,xdP gbe the largeg possilde radius of an enclosing sphee of a bounding
neighborhood.
5. For all particles, i = 1,...,N, do:
(@) If using BSCs then for all bounding spheres of i, k = 1,...,Ngg(i), do:
i. For all celsc in the neighborhood of c@bof Euclidean extert ZOmaX(E), and for all bounding
spheres in ¢ belongng to some patrticle (j,v), do:
A. If jP iand M(j) 8 signv)(jvjN + i), then execut step 7,
B. els mark this pair of particles as already checked,M (j)  sign(v)(jvjN + i).
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(b) else for all cellsc in the neighborhood of c(i) of Euclidean extent 201mac® (note that his may
involve higher-order neighbors of c(i)), do:
i. For all particles (j,v)2¢; such that j P i, execue step 7.
6. Skip step 7.
7. If the larges common scaling factor which leavesi and (j,v) disjoint, | j 6 | nax, then:
(a) Calculate | j; exactly (ellipsoids are treated in the secort paper in this seiies).
i. Insert the interaction [(j,v), |;] in NNL(i). Note this may remove some previous entries in
NNL( i) if it is already full.
ii. Insert theinteraction [(i, V), |j]in NNL(j).
8. For all particles,i = 1,...,N, do:
(@) Initialize the minimal scaling of i which makesit overlap with the bounding neighborhood of a non-
neighbor particle, | for"®9" | .
(b) 1f NNL( i) isnot full, then initializ e the maximal scaing of i which leavesit disjoint from at leag one
of the bounding neighborhoods of a neighbor particle, 1 "¢9" | . otherwise initialize | 9" 0.

max max

(c) For all interactions [(j,v),p] in NNL (i), ensure that they are bi-directional:

i. If p> 109" then set| neigh p.
ii. If thereisno interaction with particle (i, v) in NNL( j), then:
A. If p> 109" then set| neign p.

B. Delete the interaction [(j,v),p] from NNL( i).
i, If p<1 ggy then setl peign p.
(d) Setl pggn  Mind pon "9 | relghpy Note that if NNL( i) neve “lle d up then | neigh= | max.
(€) If | heigh< | max. then seOy(i) | maxO(i).
(f) 1f using BSCs and | neigh < | max, then for all bounding spheres of i, k = 1,...,Ngs(i), do:
i. Remove the sphee from the linked list of cell cBaPR
ii. Calculate the new absolute position of its cente and the cel it isin, update cE>@pacaoordingly,
and inse't the spher into the linked list of cE5ap
9. If the boundary is deforming, record the current shgpe of the boundary to be usel later to verify the
validity of the NNL s (see Sectian 3.2.1).

4.7.2 Partial updates

A considerably more complex task is updating NNL( i) while trying to leave the lists of other particles
intact, other than possidy adding or deleing an interaction involving i. We give a presciption for this
in Algorithm 9, but do not give many details, as understanding ead step is not necessay to get an idea
of the overall approach. For simplicity, we do not presert the cas when BSCs are usel, as the modi“ca-
tionsto allow for bounding complexes closely parallel thosein Algorithm 8 and it is a straightforward exer-
cise for the reade to modify the algorithm below accordingly.

Algorithm 9. Update the near-neighbor list of particle i, NNL( i). Assume that the current shape of i is
passel in O;.

1. For all interactions with (j,v) in NN L (i), delde the revers interaction with (i, Vv) in NNL( j).

2. Initialize the minimal scaling of i which makes it overlap with the bounding neighborhood of a non-

neighbor particle, | 19°™"®%" | . as wel as the maximal scaling of i which leaves it disjoint from
at leag one of the bounding neighborhoods of a neighbor particle, | " | .

3. For all cellsc; in the neighborhood of c(i) of Euclidean extentOf"p | .. O, where O; is the radius of
the bounding sphete of i and O729" is the radius of the largest enclosng sphe of a particle neighbor-

hood, do:



A. Donev et al. / Journd of Computatioral Physics 202 (2005) 737...764 763

(a) For all bounding neighborhoods N ; in the list of ¢, c(j) = ¢;, do: _
i. If thelargest scaling factor which leavesi disjoint from the neighborhood of (j,v), | i’j‘e'gh < o
then calcuate | i’j‘e‘gh exactly, else continue with next particle (j,v).
i. If thereisroom in NNL( j), then inse't the interaction %évb | i’j‘e'gh in NNL( i),

i else if | §°9" < | 29" then set| ob "9t pen,
i neigh neigh neigh neigh
iv. If 15750 < 1290 then set] (29" 17

4. For all interactions [(j,v),p] in NNL( i), do:

(@) Insert the interaction [(i, V), p]in NNL(j).
(b) If p> IM€9" then set| neign .

If NNL( i) isfull, then setl ,oqn | “m?:'”e'gh,
el sel g, mind jor ™" [ 1950

7. Setry()  r(i), an()  q@) and On() | neighQ(i), and also update Of%9"  maxt@ed™; | O -

o o

[

. Conclusion

In this “rst paper in a series of two papers we preseried a seiial collision-driven molecular dynamics
algorithm for non-spheiica particles, with a speci“c focus on improving the e cie ncy by develogng novel
techniquesfor neighbor search In particular, we develged a rigorous scheme that incorporates near-neigh-
bor listsinto eventdriven algorithms, and further improved the handling of very elongaed objeds via the
use of (non-hierarchical) bounding spheie complexes We gave detailed psewdo-codesto illustrate the major
steps of the algorithm. All necessan detailsto implemert the algorithm for ellipses and ellipsoids are given
in the secord paper in this seiies along with a discussion of the practical performance of the algorithm.

Acknowledgments are given in the secord paper in this seiies.
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