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Hard-Sphere Model

ÅHard-sphere problems are ancientand hard! Still  many 

unresolved conundrumsconcerning the structure.

ÅGood starting point to describe

structure of diverse materials:

particulate composites

granular media

colloids

liquids

glasses

crystals

ÅUseful model to understand phase

transitions (equilibrium) and jamming (nonequilibrium).

ÅJamming concepts are intimately related to rigidity transitions

in granular media and dynamical arrest in glasses.



ÅIntimately related to classical ground states and glasses.



ÅA glasshas the disordered structure of a liquid but has 

the rigidity of a solid.

ÅA quenched liquid stops flowing at a glass transition - system 

becomes ñjammedôô on experimental time scales.

ÅFor the athermal hard-sphere system, a glass can be created 

by rapidly increasing the density (like decreasing T). 



Growth Algorithm to Make a Hard-Sphere Glass (3D)

VRML animation
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Definitions

ÅPacking¹A collection of congruent copies of a convex particle 
K in d-dimensional Euclidean space Rd such that no two 
particles overlap.

ÅPacking density, f¹The fraction of  Rd covered by particles.

ÅLattice Packing ¹Packing of translates of K such that the
translation vectors form a lattice (set of all integral combinations

of basis vectors). 

ÅPeriodic packing¹Packing obtained by placing a fixed

arrangement of n (²1) convex particles in the fundamental cell.

ÅRandom packing¹Packing in which pair correlation function
g2(r)  decays to unity sufficiently rapidly.



Maximally Dense Monodisperse Packings

ÅIn 2D, solution is triangular lattice (Fejes Toth, 1940).

ÅIn 3D, Kepler (1606) conjectured that optimal packing

is FCC lattice fmax=p/181/2=0.74048... (Hales, 1998;2004).

fmax=p/121/2=0.9058...

ÅPolydispersity? Other particle shapes? Higher D?



Pair Correlation Function g(r)

Åg2(r) ¹prob. density function associated 

with finding a particle at a radial

distance r from a given particle

ÅTypical ñrandomò jammed packing 
of spheres of unit diameter in R3



Random Packings of Hard Spheres

ÅBernal: `In closing we must not forget the commentary on random packing

which Saint Luke attributes to Jesus, ñGive and it will be given unto you; 

good measure, pressed down, and shaken together, and running over é 

For by your standard of measure it will be measured to you in return.ôô ó

ÅShown by defining ñjammingò and ñorder metricsò, and generating 

realistic hard-sphere packings via computer simulations.

ÅTo replace the RCP state, we introduce a new concept: the maximally 

random jammed (MRJ) state, which can be made precise.

Is Random Close Packing of Spheres Well Defined?

NO! Torquato, Truskett & Debenedetti, PRL (2000)

ÅPrevailing 50-year old view: random close packed (RCP) state is the 

maximum density that a large, random collection of spheres can attain 

and is a ñuniversalò quantity -fº0.64for d=3 (fº0.82for d=2).

ÅWhat is ñrandomò? Random and ñclose-packingò are contradictory terms.



Problems with RCP

ÅDynamical parameters: pouring rate, and amplitude and 

frequency of vibration. Interactions: interparticle forces,  

friction (inhibiting densification), and gravity.

Åfc value is protocol dependent.

ÅTerms ñrandomòand ñclose packedòare at odds with one 

another.

ÅThere has never been a rigorous determination of  the RCP 

packing density.

GEOMETRIC APPROACH THAT EXAMINES 

INDIVIDUAL CONFIGURATIONS IS REQUIRED .



Jamming Categories

ÅLocally jammed: Each particle in the system is individually

jammed (d+1 contacting spheres not all in the same hemisphere), 

while fixing the positions of the remaining particles.

Torquato and Stillinger  (2001)

Boundary conditions matter!

ÅCollectively jammed:A locally jammed configuration in 

which no finite subsetof the particles can be continuously

displaced, so that its members  move out of contact with 

the remainder set.

ÅStrictly jammed: A collectively jammed configuration that 

disallows all uniform volume-nonincreasingdeformations. 

Jamming can be testedrigorously! 



To Jam or Not to Jam? -- Linear Programming 

(Donev, Torquato, Stillinger, & Connelly 2003)

Displacement Formulation:
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Test collective and strict jamming: Use only 

1 randomload b to find unjamming motions.



Honeycomb: Collective Unjamming (Hard-Wall BCs)

VRML animation
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Quantifying Disorder/Order in Condensed Phase Systems

ÅPhase diagram for order: ñorder mapò- Can use to classify

disordered materials.

ÅComplete information is out of the question. Must settle for

reduced information: set of scalar order metrics y1, y2,é, yn

such that 0 ¢yi ¢1,"i.



ÅMRJ : Maximally random jammed state is the one

that minimizesyamong all jammed structures.

ÅA: Jammed state of minimal density.

ÅB: Jammed state of maximal density.

ñOrder Mapò and Optimal Packings 



Simple Order Metrics

ÅChose two basic measures of order:

bond-orientational order Q6 (Steinhardt 

et al. 1983)& translational order T 

(Torquato et al. 2000).

ÅFor example, for 2D

Q6=|Sei6q|/N

ÅQ6 measures the persistenceof bond orientational order globally.

ÅT measures the degree of spatial ordering relative to FCC lattice.

ÅAlso considered crystal-independentorder metrics.





Å2D ñrandomôô packings are fundamentally different from 3D-6D 

counterparts. The former are only collectively jammedat about  

f=0.89 with a high degree of crystallinity! This illustrates 

importance of jamming categories inclassifying packings.

Donev, Torquato, Stillinger, & Connelly (2003)

ÅGrowth algorithm yields ñMRJò packings 
in R3 that are strictly jammed with fº0.64 

and mean kissingno. Z º6 (isostaticity or

2 x no. of degrees of freedom per particle).

Important Differences Between 2D and 3D Packings

Kansal, Torquato & Stillinger (2002)

ÅWe have also studied MRJ 4D, 5D& 6D packings.

Skoge, Donev, Stillinger &Torquato (2006)



Conclusions

ÅRCP state is not well-defined mathematically. A

geometric viewpointis required!

ÅMRJ state is precisely definedonce an order metric

yis chosen.

ÅThis lays mathematical groundwork for studying 

randomnessin dense particle packings as well as

general point patterns.

ÅWe have quantified order (disorder) in molecular 

systems, including simple liquids, water, and glasses.



MRJ Packings Have Unusual Properties

Donev, Stillinger & Torquato, PRL (2005)

ÅMillion -particle packings: g2(r)~ r -4 for large r or S(k)~|k|

for small k, i.e., S(k) is nonanalytic at origin!

ÅSame as the Harrison-Zeldovich spectrumfor matter distribution 

in early Universeand ground states of spin-polarized fermions.

ÅThey are saturated and hyperuniform (large-scale density 

fluctuations ïvariance- vanish), confirming a conjecture

of Torquato & Stillinger (PRE, 2003 ).

ÅMinimizing variance is a ground-state problem and linked to an

open problem in number theory.  



Unified View of Optimal Packings

ÅDiscovered an infinite family of 3D crystal packings, 

which are subpackings of the densest packings,  

strictly jammed  and have anomalously low density 

(high concentration of self-avoiding ñtunnelsò  that 

permeate the structures). Torquato & Stillinger (2007)

ÅBurnell & Sondhi (2008) ïstudied antiferromagnetic spin

interactions on such geometrically frustrated crystals.



Collisional Jamming Stress (Force Chains)

Behringer, Nature (2005)
Donev, Torquato & Stillinger, 

J. Comput. Phys. (2005)


